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CN , ABSTRACT. Let k be an algebraically closed field of characteristic p > 0. Let c, d, m be 
positive integers. Let D be a p-divisible group of codimension c and dimension d over k. 
Let D be a versal deformation of D over a smooth /c-scheme A which is equidimensional 
of dimension cd. We show that there exists a reduced, locally closed subscheme S£>(m) of 
A that has the following property: a point y G A(k) belongs to S£>(m)(/c) if and only if 
^ y*(1))[p rn ] is isomorphic to D[p m ]. We prove that S£>(m) is regular and equidimensional of 

dimension cd — dim(Aut(.D[p m ])). We give a proof of Traverso's formula which for m » 
computes the codimension of s_o(m) in .A (i.e., dim(Aut(D\p rn ]))) in terms of the Newton 
polygon of D. We also provide a criterion of when Srj(m) satisfies the purity property (i.e., 
it is an affine .A-scheme). Similar results are proved for quasi Shimura p-varieties of Hodge 
type that generalize the special fibres of good integral models of Shimura varieties of Hodge 
type in unramified mixed characteristic (0,p). 
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1. Introduction 

a 

Let p G N be a prime. Let k be an algebraically closed field of characteristic p. Let c 
and d be positive integers and let r := c + d. Let D be a p-divisible group of codimension c 
and dimension d over k. The height of D is r. Let be the smallest positive integer for 
which the following statement holds: if Di is a p-divisible group over k such that Di[p nD ] 
is isomorphic to D\p nD ], then D\ is isomorphic to D. For the existence of no we refer to 
[Ma, Ch. Ill, Sect. 3], [Trl, Thm. 3], [Tr2, Thm. 1], [Va2, Cor. 1.3], or [Oo2, Cor. 1.7]. 

Let W(k) be the ring of Witt vectors with coefficients in k. Let B{k) be the field 
of fractions of W(k). Let a := o~k be the Frobenius automorphism of W(k) and B{k) 
induced from k. Let (M, <p) be the (contravariant) Dieudonne module of D. We recall 
that M is a free W(k)-module of rank r and <fi : M —>■ M is a a-linear endomorphism 
such that we have pM C <p(M). Dieudonne's classification of F-isocrystals over k (see 
[Di, Thms. 1 and 2], [Ma, Ch. 2, Sect. 4], [Dem, Ch. IV], etc.) implies that we have a 
direct sum decomposition (M[^],cj)) = ®^ = i(W s , 4>) into simple F-isocrystals over k (here 
v is a positive integer). More precisely, for s 6 {1, . . . , v } there exist c s , d s G N U {0} such 
that r s := c s + d s > 0, g.c.d.{c s ,d s } = 1, dim.B(k)(W s ) = r s , and moreover there exists a 
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_B(/c)-basis for W s formed by elements fixed by p da (j) rB ; the unique Newton polygon slope 
of (W a ,<f>) isa s := £ GQn[0,l]. 

Let A be a smooth /c-scheme which is equidimensional of dimension cd and for which 
the following two properties hold: 

(i) there exists a p-divisible group X> of codimension c and dimension d over A which 
is a versal deformation at each /c-valued point of A; 

(ii) there exists a point G such that y* D {T)) is isomorphic to D. 

In practice, .A is the pull back to Spec(/c) of a special fibre of a good integral model 
in unramified mixed characteristic (0,p) of a unitary Shimura variety Sh(S, X) which is 
constructed as in [Zi, Subsect. 3.5] or [Ko, Sect. 5], where the real adjoint group S| d is 
isomorphic to PGU(c, d) x R PGU(c + d) u for some « G NU {0} and where Sq p is a split 
group over Q p (see [Va5, Example 5.4.3 (b)] and [Va6] for more details on the fact that 
such a triple (A, T>,y£>) always exists). 

Let m be a positive integer. The first goal of the paper is to study the following set 
of /c-valued points 

s D (m)(k) := {y G A(k)\y*CD)[p m ] is isomorphic to D[p m ]}. 

The second goal of the paper is to study analogues of the set s_o(m)(/c) that pertain to good 
integral models in unramified mixed characteristic (0,p) of Shimura varieties of Hodge type 
and that define level m stratifications of special fibres of such integral models. Here and in 
the whole paper the stratifications of reduced schemes over a field are as defined in [Va2, 
Subsubsect. 2.1.1]. We recall that Shimura varieties of Hodge type are moduli schemes 
of polarized abelian schemes endowed with families of Hodge cycles and with symplectic 
similitude structures. These new level m stratifications: 

(a) (for m = 1) generalize the Ekedahl-Oort stratifications studied in [Ool], [Mo], 
[We], etc., and the mod p stratifications studied in [Va3, Sect. 12]; 

(b) (for m » 0) generalize the ultimate stratifications studied in [Va2, Thm. 5.3.1 
and Subsubsect. 5.3.2] and the foliations studied in [Oo2]; 

(c) represent a fundamental tool in studying good integral models of Shimura va- 
rieties of Hodge type (like their special fibres on which groups of Hecke orbits act, their 
cohomology groups, their local and global geometries, their crystalline properties, etc.). 

In order to state our Basic Theorem, we will need the following two definitions that 
recall [Va4, Def. 1.6.1] and the very essence of the purity property introduced in [Va2, 
Subsubsect. 2.1.1]. 

1.1. Definition, (a) Let Aut(D[p m ]) be the group scheme over k of automorphisms of 
D[p m ] and let 7d("^) := dim(Aut(D[p m ])). We call (7r>(m)) m >i the centralizing sequence 
of D. We also refer to sd := 7d(^-d) as the specializing height of D. 

(b) A reduced, locally closed subscheme of a reduced fc-scheme M is said to satisfy 
the purity property, if it is an affine M-scheme. 

1.2. Basic Theorem. With the above notations, the following eight properties hold: 
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(a) there exists a unique reduced, locally closed subscheme 5£>(m) of A such that our 
notations match i.e., the set S£>(m)(A;) we introduced above is the set of k-valued points of 
s D (m); 

(b) the scheme S£>(m) is regular and equidimensional; 

(c) we have dim(s£>(m)) = cd — 7d(to); 

(d) for m > no, we have S£>(m) = Sd(^d) o,nd 7d(w) = se>; 

(e) £/ie specializing height so of D is an isogeny invariant; 

(f) we have dim(s D (n D )) = \ Y? 8 =\ Et=i r sn\a s - at \ = \ Es=i YZ=\ \c 8 d t - c t d s \; 

(g) the A- scheme s cirri) is quasi- affine; 

(h) if m > 2 and if the image of the homomorphism Aut(D[p m ])(k) — > Aut(D[p])(k) 
is finite, then the reduced, locally closed subscheme Snim) of A satisfies the purity property. 

For the sake of completeness we also state here the following practical property that 
was conjectured by Traverso (cf. [Tr3, Sect. 40, Conj. 5]) and that is proved in [NV, Thm. 
1.2]: 

(i) the isogeny class (i.e., the Newton polygon) of D depends only on D\p^~^^]. 

For m > 1 we have a natural monomorphism Sr>(m+1) S£>(m). Thus the sequence 
dim(s£>(m)) m >i is decreasing. From this and Theorem 1.2 (c) and (d) we get: 

1.2.1. Corollary. For each p- divisible group D of codimension c and dimension d over k 
and for each positive integer m, we have 7r>(m) G {0, 1, . . . , sd} Q {0, 1, . . . , cd}. 

1.3. On literature. The fact that s_d(to)(&) is a constructible subset of A(k) is a standard 
piece of algebraic geometry. The classification of commutative, finite group schemes over 
k annihilated by p accomplished by Kraft in [Kr] , implies that A is a finite disjoint union 
of reduced, locally closed subschemes of it of the form Sd(1). Theorem 1.2 (b) is a direct 
consequence of Grothendieck's results on local deformations of truncated Barsotti-Tate 
groups presented in [II]. The facts that (1) is an equidimensional /c-scheme and a quasi- 
affine .A-scheme are only a variant of [Ool, Thm. (1.2)]. The fact that Sd(itl) is a regular 
and equidimensional /c-scheme is first proved in [Va2, Basic Thm. 5.3.1 (b) and Rm. 5.3.4 
(b)]; a variant of this for m = no also shows up in [Oo2, Thm. 3.13]. The formula 
dim(s£>(l)) = cd — 7d(1) is proved first for p > 2 in [We, Thm. of Intro d.] (see also [MW, 
Subsects. 7.10 to 7.14]) and for all p in [Va3, Basic Thms. A and D]. For m > 2, Theorem 
1.2 (c) was not previously available in the literature; however, it can be proved as well 
using the ideas of the proof of [We, Thm. of Introd.]. Theorem 1.2 (d) is a consequence of 
the definition of no- A variant of Theorem 1.2 (e) was first obtained by Traverso, cf. [Tr2, 
Thm. 2]. Theorem 1.2 (f) was first obtained by Traverso (cf. [Tr2, Sect. 1, p. 48]) but 
it never got published; it also shows up in an informal manuscript of Oort. For m = no, 
Theorem 1.2 (h) is implied by [Va2, Thm. 5.3.1 (c)]. For 2 < m < n D - 1, Theorem 1.2 
(h) is new. It seems to us that for m > 2, the Corollary 1.2.1 is new. 

1.4. On contents. In Section 2 we follow [Va4, Sect. 5] in order to introduce orbit spaces 
of truncated Barsotti-Tate groups of level m over k that have codimension c and dimension 
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d. Such orbit spaces were first considered in [Tr2, Thm. 2] and [Tr3, Sects. 26 to 40]. A 
significant change in their presentation was made independently of [Tr2] and [Tr3] , in [Va3] 
for the case m = 1 and in [Va4, Sect. 5] for all m. The change allows a very easy description 
of the orbit spaces that leads to short, elementary, and foundational (computations and) 
proofs of all parts of the Basic Theorem; the change is explained in Remark 2.4.1. The 
proof of the Basic Theorem is presented in Section 3. In Section 4 we show how the Basic 
Theorem gets easily translated to the case of quasi Shimura p-varieties of Hodge type that 
generalize the special fibres of good integral models in unramified mixed characteristic of 
Shimura varieties of Hodge type. In particular, the Basic Theorem gets easily translated 
to the case of special fibres of Mumford's moduli schemes Ad,i,i (see Example 4.5). For 
m = 1, the Basic Corollary 4.3 (b) generalizes results of [We] and [Mo] obtained for special 
fibres of good integral models of Shimura varieties of PEL type. 

2. Orbit spaces of truncated Barsotti-Tate groups of level m 

In this Section we recall the group action T m over k we introduced in [Va4, Sect. 
5] ; its set of orbits parametrizes isomorphism classes of truncated Barsotti-Tate groups of 
level m over k that have codimension c and dimension d. Subsection 2.1 introduces certain 
group schemes that play a key role in the definition (see Section 2.2) of T m . Subsection 
2.3 studies TV Theorem 2.4 recalls properties of stabilizer subgroup schemes of T m we 
obtained in [Va4, Thm. 5.3]. Lemmas 2.5 and 2.6 are the very essence of Theorem 1.2 (h). 

The notations p, k, c, d, r, D, n D , W(k), B(k), a, (M, 0), (M [J], 0) = ® V S=1 (W S , 0), 
c s ,d s , r 8 , a s , m, A, D, yo G A(k), ££>(m)(A;), Aut(D[p m ]), 7£>(m), and sd are as in 
Section 1. Let # := pep -1 : M — > M be the Verschiebung map of (M, 0). 

For a commutative /c-algebra R, let W m {R) be the ring of Witt vectors of length m 
with coefficients in R, let W(R) be the ring of Witt vectors with coefficients in R, and 
let o~r be the Frobenius endomorphism of either W m (R) or W(R). Let S m be the natural 
divided power structure on the kernel of the reduction VF(/c)-epimorphism W m (R) -» R. 
Let & m (R) be the thickening (Spec(i?) Spec(W m (i?)), 8 m ) of the Berthelot crystalline 
site CRIS(Spec(R)/Spec(W(k))) introduced in [Be, Ch. Ill, Sect. 4]. We refer to [BBM] 
for the crystalline contravariant Dieudonne functor D defined on the category of p-divisible 
groups over Spec(i?). We denote also by 4> the a-linear automorphism of End(M)[^] which 
takes e G End(M) [±] to 0(e) := o e o 0" 1 . 

2.1. Group schemes. Let M = F 1 © F° be a direct sum decomposition such that 
F 1 := F 1 /pF 1 is the kernel of the reduction mo dulo p of 0. Let F° := F°/pF°. The ranks 
of F 1 and F° are d and c (respectively). The decomposition M = F 1 © F° gives birth 
naturally to a direct sum decomposition of W (k)-modu\es 

End(M) = Hom(F°, F 1 ) © End(F 1 ) © End(F°) © Hom(F 1 , F°). 

Let W_|_ be the maximal subgroup scheme of GLm that fixes both F 1 and M/F 1 ; it is a 
closed subgroup scheme of GLm whose Lie algebra is the direct summand Hom(F°, F 1 ) of 
End(M) and whose relative dimension is cd. Let W := GL F i x W (k) GL F o; it is a closed 
subgroup scheme of GLm whose Lie algebra is the direct summand End(F 1 ) ©End(F°) of 
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End(M) and whose relative dimension is d 2 + c 2 . The maximal parabolic subgroup scheme 
W_|_o of GLm that normalizes F 1 is the semidirect product of W_|_ and Wq. Let W_ be 
the maximal subgroup scheme of GLm that fixes F° and M/F°; it is a closed subgroup 
scheme of GLm whose Lie algebra is the direct summand Hom(F 1 ,F°) of End(M) and 
whose relative dimension is cd. The maximal parabolic subgroup scheme Wo- of GLm 
that normalizes F° is the semidirect product of W_ and W . If R is a commutative 
W(k) -algebra, then we have 

W+(R) = l M ® w(k) R + Hom(F°, F 1 ) ® w{k) R 

and 

W_(i?) = l M ® w{k)R + Hom(F 1 , F°) ® w{k) R. 

These identities imply that the group schemes W + and W_ are isomorphic to G^ d over 
Spec(W(k)); in particular, they are smooth and commutative. Let 

% := W + x w(k) W x w(k) W_; 

it is a smooth, affine scheme over Spec(W(k)) of relative dimension cd + d 2 + c 2 + cd = r 2 . 
We consider the natural product morphism T : K GLm and the following morphism 
T_ := lw + x liv x plw_ : K ^ K. Let 

T - :=y oT_ : "K — > GLm', 

it is a morphism of Spec(W(/c))-schemes whose generic fibre is an open embedding of 
Spec(S(/c))-schemes. 

For g G GL M {W{k)) and h = (h u h 2 ,h 3 ) G H(W(k)), let g[m] G GL M {W m {k)) 
and h[m] = (hi[m],h2[m],h 3 [m]) G "H(W m (k)) be the reductions modulo p m of g and 
h (respectively). Thus 1 m / p -m = ljif[m]. Let m ,^ m : M/p rn M -> M/p m M be the 
reductions modulo p m of 0, $ : M — >■ M. 

2.1.1. The study of !K. Let IK be the dilatation of GLm centered on the smooth 
subgroup W_|_ fc of GL m / p m (see [BLR, Ch. 3, 3.2] for dilatations). We recall that if 
GLm = Spec(i?M) and if i+ofc is the ideal of Rm that defines W+ofc, then as a scheme 
IK is the spectrum of the i?M-subalgebra R^- of -Rm[^] generated by all elements ^ with 

* G i+ofc (see loc. cit.). It is well known that K is a smooth, affine group scheme over 
Spec(VF(/c)) which is uniquely determined by the following two additional properties (they 
follow directly from the definition of 1t/k; see [BLR, Ch. 3, 3.2, Props. 1, 2, and 3]): 

(i) there exists a homomorphism IPq- : K — > GL M whose generic fibre is an isomor- 
phism of Spec(S(/c))-schemes; 

(ii) a morphism / : X — > GLm of flat Spec(II /r (/c))-schemes factors (uniquely) 
through CPo- if and only if the morphism f k : X k — > GL m / p m factors through W+ofc- 

Due to the property (ii), we have 5i{W{k)) = {* G GL M (W(k))\*[l] G W +0 (/c)} and 
K(W(k){e]/(e 2 )) = {* eGL M (W(k)[e]/(e 2 )) \ * modulo p belongs to W +0 (A;[£]/(£ 2 ))}. 
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The image of the map 9 Q _(W(k)) : < K(W(k)) -> GL M (W(k)) is the subgroup 
"K(W{k)) of GL M (W(k)). Due to this and the property (ii), one easily gets that Jo- 
factors through y - i- e -? there exists a unique affine morphism 

such that we have T - = %- o 7. The resulting maps 3>(W(k)) : < K(W(k)) -> IK(W(») 
and y(W(A;)[£]/(£ 2 )) : J{(W(A;)[£]/(£ 2 )) -> [e]/(£ 2 )) are bijections, to be viewed in 

what follows as natural identifications. From this and the fact that "K and % are smooth, 
affine Spec(VF(/c))-schemes, we get that the morphism T k : "K k "H-k of Spec(/c)-schemes 
is an isomorphism. This implies that the morphism 

3V m (fc) : ^w m (k) -»■ ^w m (k) 

of smooth, affine Spec(W m (/c))-schemes is an isomorphism, to be viewed in what follows 
as a natural identification. Therefore < Kw m {k) has a natural structure of a smooth, affine 
group scheme over Spec(W m (fc)). Thus the p-adic completion of % has a natural structure 
of a formal group scheme over Spf(W(/c)) isomorphic to the p-adic completion of "K. 

The product (jij 2 ,j 3 ) ■= (hi, h 2 , h 3 )-(g u g 2 , g 3 ) of two elements (hi,h 2 ,h s ), (gi,g 2 ,g s ) 
ofW + (W(k))xW (W(k))xW_(W(k)) = H(W(k)) = K(W(k)), is defined by the identity 
31323$ = hih 2 h\g x g 2 gl. 

The restrictions of CPo— to the factors W + , W , and W_|_ x^^ W of 0~C induce iso- 
morphisms onto the closed subgroup schemes W+, W , and W_|_ (respectively) of GLm- 
Moreover the restriction of "? to the factors W_ and W x™ W_ of 0~C induces iso- 
morphisms onto closed subgroup schemes of % which are isomorphic to W_ and Wo- 
(respectively). The product decomposition 

M Wm (k) = ^w m (k) = W+w m (k) x Wm (k) W 0Wm{k) x Wm{k) W_ Wm{k) 

into affine schemes depends on the reduction modulo p m of the chosen direct sum decom- 
position M = F 1 © F°. But the group scheme ^w m (k) = ^w m (fc) over Spec(W m (fc)) 
is intrinsically associated to D i.e., it does not depend on the choice of the direct sum 
decomposition M = F 1 © F°. 

2.1.2. Coordinates. To provide explicit descriptions of the affine schemes we have intro- 
duced, we will choose a W(fc)-basis {ei, . . . , e r } for M such that {ei, . . . , e c } is a W(k)- 
basis for F° and {e c+ i, . . . ,e r } is a VF(/c)-basis for F 1 . Then one can identify naturally 

R M = W(k)[xi U . . . ^rrH det^.) 1 ^ .<„) ], Rfc = W(k)[p^X 1U . . . ^ X „][ ^^—^ \ 

where Sij G { — 1,0} is equal to —1 if and only if 1 < i < c < j < r, W + = Spec(-R + ) 
with R + := W(k)[xij\l < j < c < i < r], W = Spec(R ) with R Q := W(k)[xij (either 1 < 

i, j < c or c < i, j < r][ xi -77 — \ hrm — s rl, and W_ = Spec(i?_) with R_ := 

W(k)[xij\l <i <c< j <r]. 

2.1.3. Unipotent group schemes. An affine group scheme over k is called unipotent if 
it has a finite composition series whose factors are subgroup schemes of G a . The class of 
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unipotent group schemes over k is stable under subgroup schemes, quotients, and exten- 
sions (cf. [DG, Vol. II, Exp. XVII, Prop. 2.2]). A smooth, connected, affine group over 
k is unipotent if and only it has no subgroup isomorphic to G m (cf. [DG, Vol. II, Exp. 
XVII, Prop. 4.1.1]). 

2.1.4. The W m functor. Let Aff/j be the category of affine schemes over k. Let Set and 
Group be the categories of abstract sets and groups (respectively). Let G be a smooth, 
affine scheme of finite type (resp. a smooth, affine group scheme) over Spec(W (k)) . Let 
W m (Cr) : Afffc — > Set (resp. W m (G) : Afffc — ■> Group) be the contravariant functor that 
associates to an affine fc-scheme Spec(i?) the set (resp. the group) G(W rn (R)). It is well 
known that this functor is representable by an affine scheme (resp. affine group scheme) 
over k of finite type to be denoted also by W m (G), cf. [Gr, Sect. 4, Cor. 1, p. 639] (resp. 
[Gr, Sect. 4, Cor. 4, p. 641]). We have W m (G)(k) = G{W m {k)) and a natural identifica- 
tion Wi(G) = G k . If /is an ideal of R of square 0, then the ideal Ker(W m (R) -» W m (R/I)) 
is nilpotent and thus the reduction map G(W m (R)) — > G(W m (R/I)) is surjective (cf. 
[BLR, Ch. 2, 2.2, Prop. 6]). From this and loc. cit. we get that the scheme (resp. the 
group scheme) W m (G) is smooth. 

Suppose now that G is a smooth, affine group scheme over Spec(W (k)) . If m > 2, 
then the length reduction epimorphisms W m (R) -» W m -i{R) define naturally an epimor- 
phism Ked m ,G : W m (G) -» W m _i(G) of groups over k. The kernel of Red mj c is the vector 
group over k defined by Lie(Gk) and thus it is a unipotent, commutative group isomorphic 
to Ga im< ' Gfe ' > . Using this and the identification Wi(G) = G^, by induction on m > 1 we get 
that (cf. also [Gr, Sect. 4, Cor. 4, p. 639] in connection to (iii)): 

(i) we have dim(W m (G)) = mdim(Gfc); 

(ii) the group W m (G) is connected if and only if Gk is connected; 

(iii) if H is a smooth, closed subgroup scheme of G, then the functorial homomor- 
phism W m (H) — > W m (G) is a closed embedding. 

2.2. The group action T m . Let : M^M be the a-linear automorphism which 
takes x E F 1 to ^4>(x) and takes x E F° to 4>{x). Let act on the sets underlying 
the groups GL M (W(k)) and GL M (W m (k)) in the natural way: if g E GL M (W(k)) : then 
°<t>{g) = o^go^ 1 and o>(#[m]) = (a^a^fm]. For g E W+(W(k)) (resp. g E W (W(k)) 
or g E W-(W(k))) we have <fi(g) = a<f>(g p ) (resp. we have <fi(g) = a^{g) or (p(gP) = a^g)). 

Let "K m := W m (J{) and D m := W m (GL M )- As JV m (fc) : ^w m (k) -»■ ^w m (fc) is an 
isomorphism of Spec(VF m (/c))-schemes, in all that follows we will identify naturally 

•K(W{k)) = K{W{k)) and % m = W m (J{) = W m (5C). 

Thus in what follows we will view < K(W{k)) as a subgroup of GL,M(W(k)) and CK m as a 
connected, smooth, affine group over k of dimension mr 2 (cf. Subsubsection 2.1.4 applied 
to 'K). Similarly, we will view D m as a connected, smooth, affine variety over k of dimension 
mr 2 ; occasionally (like in the proof of Theorem 2.4 (b) below), we will also view D m as a 
smooth, affine group over k. We have a natural action 

Tm '. 0~Crn X fc Dm > I'm 
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defined on /c-valued points as follows. If h = (hi, h 2 , h 3 ) G "K(W(k)) and g G GL M (W(k)), 
then the product of h[m] = (hi[rn],h2[rn],h 3 [rn]) G < K m (k) = !K(W m (k)) and g[m] G 
£>m(&) = GL M (W m (k)) is the element 

(la) T m (h[m],g[m]) := (hih^hlg^h^hl)' 1 )^] 

= (hi^hlg^hl)- 1 ^)- 1 ^)- 1 )^] = (h^hlga^h^a^h^a^hiy^m] 

= /ii[m]/i2[m]/i3[m] p o[m]a^(/i 3 [m])"V^(/i2[m])" 1 cr (?!) (/ii[m] p )" 1 G T) m (k). 

The formula T m (h[m], g[m]) = (hih2h^g(/)(hih2h^)~ 1 )[m] shows that the action T m is 
intrinsically associated to D i.e., it does not depend on the choice of the direct sum de- 
composition M = F 1 © F°. For a later usage, we mention that 

(16) Ti(h[l],g[l}) = ^^^[^^[ll^^stl])- 1 ^^^])- 1 G V x (k) = GL M (k). 

Let m be the orbit of ImH G D m (k) under the action T m . Let m be the Zariski 
closure of m in T) m ; it is an affine, integral scheme over k. The orbit m is a connected, 
smooth, open subscheme of m and therefore it is also a quasi-affine scheme over k. Let 
S m be the subgroup scheme of CK m which is the stabilizer of lj^H under the action T m . 
Let C m be the reduced group of S m . Let be the identity component of C m . We have 

(2) dim(S m ) = dim(C m ) = dim(0 = dim(J{ m ) - dim(O m ). 

2.2.1. Lemma. Let gi,g-2 G GLiM(W(k)) . Then the points gi [m] , gi [m] G D m (k) belong 
to the same orbit of the action T m if and only if the following two Dieudonne modules 
(M/p m M, gi[m]4> m , , &m9i[m]~ 1 ) o,nd (M/p m M, g 2 [m]4) m ,'d rri g2[rn]~ 1 ) are isomorphic. 

Proof: Suppose that <7i[m] and gi [m] belong to the same orbit of the action of T m . 
Let h = (hi,h2,hs) G < K(W(k)) be such that we have T m (h[m], gi[m]) = g 2 [m]. Let 
gs := hih2h^gi4>(hih2h^)~ 1 G GL,M(W(k)). The identity T m (h[rn],gi[rn]) = g2[m] implies 
that g 3 [m] = g 2 [m\. Thus (M/p m M, o 3 H0 m , ti m g 3 [m]" 1 ) = (M/p m M, O2[m]0 m , •& m g2 [m] -1 ). 
As (M, gi<fi, $g\ ) and (M, g 3 4>, i^g 3 ) are isomorphic, (M/p m M, (7i[?n]</> m , i} m gi[m] x ) and 
(M/p m M, g2[m](/) rn ,'d rn g2[rn]~ 1 ) are also isomorphic. In particular, if gi[m] = g2[m] we 
get that (hih2h^)[m] is an automorphism of (M/p m M, gi[m]4> rn ,'& rn gi[m]~ 1 ). 

Suppose that (Mj p m M, gi [m] 4> m , $ m gi [m] ~ 1 ) and (Mjp m M, g 2 [m]0 m , $ m <72 [m] -1 ) 
are isomorphic. Let ft G GLm(W^(&)) be such that hgi^h) -1 and 02 are elements of 
GLm(W(&)) congruent modulo p m , cf. [Va2, Lem. 3.2.2] applied with G = GLm- As 
hgi^h)- 1 G GL M (W(k)), we have 0(/i) G GL M (W(k)). This implies that fc^-^M)) = 
cp~ 1 (M). Thus /i(^ _1 (M)) = p<j)- 1 (M) and therefore ^(F 1 +pM) = F 1 +pM. This 
implies that h modulo p normalizes F 1 i.e., we have h G < K(W(k)) = < K(W(k)). Thus 
we can write h = hih 2 h^, where h := (hi,h 2 ,h 3 ) G "K(W(k)). As hgi^h) -1 and g 2 are 
congruent modulo p m , we have T m (h[m], gi[m]) = g2[m] i.e., gi[m] and ^[w] belong to 
the same orbit of the action T m . □ 

The following Corollary explains the title of this Section. 
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2.2.2. Corollary. The set of orbits of the action T m are in natural bijection to the set 
of isomorphism classes of truncated Barsotti-Tate groups of level m over k which have 
codimension c and dimension d. 

Proof: Let B be a truncated Barsotti-Tate group of level m over k which has codimension 
c and dimension d. Let D be a p-divisible group over k which lifts B, cf. [II, Thm. 4.4 
e)]. As D has codimension c and dimension d, its Dieudonne module is isomorphic to 
(M,g<f>) for some element g G GL,M(W(k)). The Dieudonne module of B is isomorphic 
to {M /p m M,g[m](f) m ,d rn g[m\~ 1 ). Based on this, the Corollary follows from Lemma 2.2.1 
and the classical Dieudonne theory (see [Fo, pp. 153 and 160]). □ 

2.2.3. Lemma. We have a natural epimorphism S m : CK m -» Wofc whose kernel is the 
unipotent radical 3~C™ ip of Ji m . 

Proof: The epimorphism S m is defined at the level of /c-valued points by the following 
rule: if h[m] = (hi[m], /^M, h 3 [m]) G Ji m (k), then E m (k)(h[m\) := h 2 [l] G Wofc(fc). We 
have a short exact sequence 1 — > Ker(CK m — > Oil) — > Ker(S m ) — > W +fc x fc W_ fc — > 1, 
where the subgroup W +fc x fc W_ fc of !Ki is the usual product group. As the group 
Ker(J{ m — > IKi) has a composition series whose factors are the smooth, connected, unipo- 
tent groups Ker(Red z ^) = Ker(lKz — > ^K/_i) with / G {2, . . . , m}, we get that Ker(S m ) 
has a composition series whose factors are smooth, connected, unipotent groups. Thus 
Ker(S m ) is a smooth, connected, unipotent, normal subgroup of CK m and therefore it is a 
subgroup of IK™ P . As W fc = GLpi x k GLpo is a reductive group, !K™ P is a subgroup of 
Ker(E m ). We conclude that Ker(S m ) = ^ nip . □ 

2.3. On Ti. In this Subsection we assume that m = 1 and we study the connected 
subgroup of IKi = CK/j and dim(Oi). In [Kr] (see also [Ool, Subsect. (2.3) and Lem. 
(2.4)] and [Mo, Subsect. 2.1]) it is shown that there exists a /c-basis {e"i,... ,e r } for 
M/pM and a permutation tt of the set J := {1, . . . ,r} such that for i G J the following 
four properties hold: 

(i) (t>i(e~i) = if i > c; 

(ii) 0i (e^) = ev(i) if i < c; 

(iii) ^(e,,^)) = if i < c; 

(iv) ^(^(i)) = Ei if i > c. 

Let {ei, . . . , e r } be a VF(/c)-basis for M that lifts the /c-basis {e"i, . . . , e r } for M/pM 
and such that F 1 = ® r i=c+l W(k)ei. Let {e^j\i,j G J} be the W(/c)-basis for End(M) 
such that for each / G J we have e^^e/) = Sjjei. Let {eij\i,j G J} be the /c-basis for 
End(M/pM) which is the reduction modulo p of {eij\i,j G J}. Let a t : M-^M be the 
a-linear automorphism that takes ei to e^j) for all i G J. Let 5^ := cr^cr. 
Due to the properties (i) to (iv), the reduction modulo p of (M, fig^ 1 ) coincides with 
(M/pM, 0i, i?i). Based on this and Lemma 2.2.1, (up to isomorphisms) we can assume that 
g-n-[l] — 1m [1]; thus and a ff are congruent modulo p. As the action Ti is intrinsically 
associated to D (i.e., it does not depend on the choice of the direct sum decomposition 
M = F 1 © F°), to study the group C? we can assume that F° = ® c i=1 W(k)ei. We define 

3+ :={(hj)e J 2 \j<c<i}, 
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So := {(i, j) G J 2 | either i,j>c or z,j < c}, and := G J 2 |z < c < j}- 

The three sets {e^^- 1 («, j) G {ei,j|(i,j) G #o}, and {e^jKi,^) G 3-} are /c-basis for 

Lie(W +fc ) = Hom(F°,F 1 ), Lie(W ofc ) = End^^eEnd^ ), and Lie(W_ fc ) = Hom(F 1 , F°) 
(respectively). 

Let (/ii[l],/i 2 [l],/i 3 [l]) G JCi(fc). We have (h^l], h 2 [l], h 3 [l]) G Ci(Jfe) if and only if 
the following identity holds (cf. (lb)) 

(3) h 1 [l]h 2 [l]=a (f> (h 2 [l])a (f> (h 3 [l]). 

Let h 12 [l] := h![l]h 2 [l] G W +0 (k) and ^[1] := h 2 [l]h 3 [l] G W -(fc)- We write 

hi 2 [l] = 1m[1] + Xijeij and /i 2 3[l] = 1m[1] + x *,3^*,3- 

(i,j)ed+ud (i,j)ea ug_ 

We have a n (xi j jeij) = x\ j^ir(i),n(j)- Thus, as o$ and ov are congruent modulo p, we get 
that the identity (3) (i.e., the identity h\ 2 \\\ = cr^(/j, 23 [l])) holds if and only if for all pairs 
G J 2 we have: 

(v) = xj^-, if (z, j) G 2_ U# and (tt(z), 7r(j)) G3+U # ; 

(vi) = 0, if G a+ and (n(i),n(j)) G 5+ U 3o] 

(vii) = a^., if (ij) G 5- ua and (tt(z), tt(j')) G 5-- 

Let be the subset of 3- formed by those pairs with the property that if 

^Tr(i,j) is the smallest positive integer such that 

then we have (ir v * (i) , ir"* ( j) ) G 3+ ■ Based on the properties (v) to (vii) we easily get 
that the variable x^ -■ can take an infinite number of values if and only if there exist a pair 
G 3- and a number / G {0,1,... ^^{i, j)} such that we have = (n l (i) , n l (j)) . 

This implies that we have (/ii[l], ^[l]) ^[l]) G 6° (k) if and only if we have identities 

(4a) h 12 [l] = 1 M [1] + Yl x lj B K l (i),n'ti)> 

(46) h 2 [l] = 1 M [1] + ^ ^ a^e^^y), 

(*,i)ea* '=i 

"tt(m)-i ; 

(4c) /i 23 [l] = 1 M [1] + ^ ^A'M.t'Cj)' 

(*,i)ea* '=0 
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where the variables Xij with G 3- can take independently all those values in k for 
which we have h 2 [l] G W (k). Based on Formulas (4a) to (4c) we get that 

{Ad) Lie(e?) = ® {i , j)e3l keij C Lie(W_ fc ). 

From Formula (4d) we get that each element of Lie(C ( j ) ) is a nilpotent element of 
End(M). Thus Lie(C5) has no non-zero semisimple element. Therefore has no subgroup 
isomorphic to G m and thus (cf. Subsubsection 2.1.4) we have: 

(viii) the smooth, connected, affine group 6° is unipotent. 
From Formula (4d) we also get that: 

(ix) the dimension of is the number of elements of the subset 3- of 3-- 

As dim(IKi) = r 2 is equal to the number of elements of J 2 , from the property (ix) 
and Formula (2) applied with m = 1 we get that: 

(x) the dimension of Oi is the number of elements of the set 3 2 \3~- 

The next two examples show how the property (ix) can be used to compute dim(Ci). 

2.3.1. Example. In this example all indices i,j G J = {1, ... , r} are taken modulo r. 
Suppose that v = 1 (thus g.c.d.(c,d) = 1) and that D is minimal in the sense of [Oo3, 
Subsect. (1.1)]. We can assume that we have = % + d for alH G J, cf. [Oo3, Subsect. 
(1.4)]. The p-divisible group D is uniquely determined up to isomorphism by D\p], cf. 
[Va2, Example 3.3.6]. Thus no = 1 and therefore the Dieudonne modules (M, 0) and 
(M,g n (j)) are isomorphic. Thus we can assume that g n = 1m i-e., = a n . Therefore for 
all i,j G J we have 4>{ e i,j) = P niJ e i+d,j+d, where the number n^j G {—1,0,1} is defined 
by the rule: 

(*) it is -1 if G 3-, it is if G do, and it is 1 if G 3+- 

Suppose that G 3-- From [Va2, Example 3.3.6] we get that the first non-zero 
element of the sequence (rii+id,j+id)i>i is 1; thus G 3~- I n other words, we have 

3Z. =3-- As 3- has cd elements, we get that dim(C5) = cd (cf. property 2.3 (ix)). 

2.3.2. Example. Suppose that v = 2 and that a\ < a^. Thus c = c\ + c 2 , d = d\ + d^, 
and c<zd\ < c\di. Suppose that we have a product decomposition D = D\ D 2 such that 
the heights of Di and D 2 are r\ and r 2 (respectively) and both Di and D 2 are minimal p- 
divisible groups over k. The p-divisible group D is uniquely determined up to isomorphism 
by D\p], cf. either [Oo3, Thm. 1.2] or [Va4, Main Thm. D]. Thus n D = 1 and therefore 
as in Example 2.3.1 we argue that we can assume that = a^. 

In what follows, the indices % of the letter a are taken modulo r 2 and the indices j 
of the letter b are taken modulo r±. Let (ai, . . . , a r2 ) := (e Cl + 1, . . . , e c , e ri + C2 +i, ... , e r ) 
and (6i, . . . , 6 ri ) := (ei, . . . , e Cl , e c +i, . . . , e ri+C2 ). We can assume that the permutation rr 
of J is such that we have ov(aj) = ai + d 2 for alH G {1, . . . , r 2 } and we have cr n (bj) = bj + d 1 
for all j G {1, . . . , ri}, cf. Example 2.3.1 applied to D 2 and Di (respectively). Let Mi : = 
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® r j L 1 W{k)b j and M 2 := ®\tiW(k)ai. The pairs (Mi,<f>) and (M 2 ,0) are the Dieudonne 
modules of Di and _D 2 (respectively). We consider the disjoint union decomposition 

(5a) a- = a-, 1,1 u a-,1,2 u a- )2) i u a_ 2 , 2 

such that the pair (z,j) G belongs to 3-,i,i (resp. to a-,1,2, 3-, 2,1, or 3 -,2,2) if and 
only if e^j belongs to End(Mi) (resp. to Hom(Mi, M 2 ), Hom(M 2 , Mi), or End(M 2 )). To 
the decomposition (5) corresponds a disjoint union decomposition 

(6) a^ = a^ M ua^,i, 2 ua^ 2 ,iua^, 2 , 2 , 

where 3Z. ± ^ := 3-,-\,$ H <J?i. From Example 2.3.1 applied to Di and _D 2 , we get that the 
sets 3-n an d 3-22 have cidi and c 2 d 2 (respectively) elements. 

We check that each one of the two sets d-12 and d-2,1 has c 2 di elements. We 
will perform this computation only for d-12 as the computation for 3-,2,i * s the same 
(via standard duality in which the roles of — and + are interchanged). If {e^, ... , e*} is 
the W(k)-basis for Hom(M, W(k)) that is the dual of the W{k)-has\s {ei, . . . , e r } for M, 
then under the identification End(M) = M <S>w(k) Hom(M, W(k)) we have eij = ei <g> e* 
for all z, j G J. As 0^ = ov, for G {1,. . . ,r 2 } x {1, . . . ,ri} we have 0(a^ <8> 6*) = 

p ni J ai +( i 2 <g) where the number riij G { — 1, 0, 1} is defined by the rule: 

(*) it is — 1 if % < c 2 and j > c\ (i.e., if G a-,1,2), it is if z < c 2 and j < c\ or 
if % > c 2 and j > ci, and it is 1 if % > c 2 and j < c\. 

The number of elements of the set 3_ i 2 is the number of pairs G {1, . . . ,r 2 } x 

{1, . . . , ri} with the properties that riij = — 1 and that the first non-zero element of the 
sequence (n i+ i d2 , j +id 1 )i>\ is 1. The set G {1, . . . ,r 2 } x {1,... ^^{mj = -1} has 

c 2 di elements. Thus to prove that the set 3-±2 has c 2 di elements, it suffices to show that 
there exists no pair G {1,... ,r 2 } x {1,... , r\} such that riij = —1 and the first 

non-zero element of the sequence (rii+i^j+id^iyi is — 1. This is an elementary number 
theory property that can be checked using the ideas of [Va2, Example 3.3.6]. For a change, 
here we will check this property using the ideas of [Va4]. 

We show that the assumption that there exists a pair G {1, . . . , r 2 } x {1, . . . , n} 
such that riij = —1 and the first non-zero element of the sequence (rii+i^j+idx)^! is — 1, 
leads to a contradiction. Let q be the positive integer such that riij = ni +q d 2 j+ q d 1 = — 1 
and n i+d2 j +dl = ■■■ = n i+iq - 1)d2jHq - 1)dl = 0. The element 

9i,j ■= 1m +pa, ® 6* G Ker(GL M (W(k)) -> GL M (k)) 

fixes all elements of {ei,... , e r } \ {bj} and takes bj to bj + pcti. As no = 1, the 
Dieudonne modules (M, 0) and (M, gij(p) are isomorphic. Thus there exists an element 
ft G GLm(W / (^)) such that Oi,j</> = h4>h~ x . As Ojj acts trivially on M 2 and M/M 2 , the 
restriction of ft to M 2 is an automorphism ft 2 of (M 2 ,0) and the VF(/c)-automorphism 
of M/M 2 induced by ft is an automorphism fti of (M/M 2 ,0). We identify fti with an 
automorphism of (Mi,0). By replacing ft with ft(fti © ft2) _1 , we can assume that ft acts 
trivially on M 2 and M/M 2 . Therefore we can write ft = 1m +m, where -u G Hom(Mi, M 2 ). 
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As gij<fi = h<fih \ we have g^j = h<j>{h x ) = (1 M + u)(l M ~ <j>(u)) = 1m + u - (j)(u); 
thus pa,i®bj = u—<j>(u). As a\ < a 2 , all Newton polygon slopes of (Hom(Mi, M 2 )[^], 0) are 

positive. Thus the equation pa^ (8)6* = u — (f)(u) has a unique solution w = 4> l (P a i®b*). 

We write tt = X^sLi Stilus, t fl s ® &t) where each u St t € W(k). As all Newton polygon 
slopes of (Hom(Mi, M2)[-], 4>) are positive, the pairs (i + ld,2,j + ld\) with I e {0, . . . ,q} 
are distinct and the smallest positive integer q such that = (i + qod,2,j + <?o^i) 

is at least equal to g + 4. Moreover (as cr^ = ov), for each pair (s,t) e {(z + /rf 2 , J + 
i<ii)|/ G {0, . . . , qo — 1}} we have (p qo (a s <S> 6*) = p rris ' t a s ® 6^ for some positive integer 
m S)t . As ELo n *+^2,j+^di = -2, we have (/> q+1 (pa>i ® &j) = ^ a ;+( 9 +i)d 2 ® &J +(g +i) dl - A s 
-u = 4> l (pai <8>bj), from the last two sentences we get that 

^ oo 

Ui+(q+1)d2d+{q+1)dl = -j2p lmi+ ^ +i)d ^ +i ^ i w(k). 

P 1=0 

Contradiction. 

Thus each one of the two sets d-12 an d 8-2,1 nas c 2^i elements. Due to (6), we 
conclude that the set 3- has c\d\ + cidi + 2c2d\ elements. From the property 2.3 (ix) we 
get that dim(C5) = c\d\ + 02^2 + 2c2<ii. 

2.4. Theorem. We recall that m is a positive integer. Let Aut(D\p rn ]) cryS!Ved be the 
reduced group of the group scheme Aut(D\p m ]) crys over k of automorphisms of the triple 
(M/p m M, <f> m , 'dm). Then the following three properties hold: 

(a) the connected, smooth group is unipotent; 

(b) there exist two finite epimorphisms 

t m :Gm^ Aut(D[p m ]) crySjred and X m ,red ■ Aut(D\p m ]) ied -» Aut(D\p m }) CIyajTed 

which at the level of k-valued points induce isomorphisms i m {k) : G m (k) —> Aut(D\p m ]) crySjred (k) 
and Xm,red(k) : Aut(D\p m ]) red (k) ^ Aut(D\p m ]) 

crys,red 

(c) we have dim(S m ) = dim(C m ) = dim(C^) = 7u(m). 

Proof: We prove (a) by induction on m > 1. The basis of the induction holds for m = 
1, cf. property 2.3 (viii). For m > 2, the passage from m — 1 to m goes as follows. 
The epimorphism Red m ^ : IK m -» "K m -i maps the group to G m _±. The group 
Ker(Red m ^) is unipotent, cf. Subsubsection 2.1.4. The group schemes Im(C^ — > C^i-i) ^ 
C^-i and Ker(C^ — > C m _i) < Ker(Red m ^) are also unipotent, cf. Subsubsection 2.1.3. 
As G m is the extension of Im(C^ — > G^-i) by Ker(C^ — > G m _ x ), we get that G m is a 
unipotent group (cf. Subsubsection 2.1.3). This ends the induction. Thus (a) holds. 

To prove (b), we view D m as a connected, smooth, afflne group over k. If R is a com- 
mutative /c-algebra, then Aut(I)[p m ]) crys (-R) is the subgroup of T> m {R) = GL M (W m (R)) 
formed by elements that commute with (j) m <g> lw m (R) an d $m <E> lw m (R)'i here </> m and $ m 
are viewed as W m (fc)-linear maps M/p m M <& Wm {k) aW m (k) -> M/p m M and M/p m M -> 
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M/p m M ®w m {k) aW m (k) (respectively). Thus A\it(D[p m ]) CTys is a subgroup scheme of 
D m . The crystalline Dieudonne theory provides us with a homomorphism 

A m : Ant(D[p m ]) - Ant(D[p m ]) CTys 

that takes an element a; G Aut(D[p rn ])(R) to the inverse of the element of Aut(D[p m ]) crys (R) 
which is the evaluation of B>(x) at the thickening & m (R) (here we need the inverse, as we 
use contravariant Dieudonne modules and thus theory). 

Let X m ,red '■ Aut(-D[p m ]) re d — ► Aut ( D [p m ]) cr ys , red be the homomorphism between re- 
duced groups defined by A m . The homomorphism \ m {k) : Ant(D[p m ])(k) — > Aut(D[p m ]) CTyi 
is an isomorphism, cf. classical Dieudonne theory. We can naturally identify X m ,red(k) with 
Xm(k). Thus the homomorphism A m)I - e d(&0 : Aut(D[p m ]) re d(k) — > Aat(D[p 7Tl ]) CTySiTe d(k) is 
an isomorphism. This implies that the homomorphism A mjI - e d is a finite epimorphism. 

Let L m : C m — > Aut (D[p m ]) crys, red be the homomorphism which takes an element 
h[m] = (hi[m], hzlm], h^m]) G G m (k) ^ < K m {k) to the element h\ [mj^H^lsH G 
2) m (/c) = GL M (W m (fc)). The fact that /ii[m]/i 2 [m]/i 3 [m] p G Aut(£[p m ]) cryS;red (/c) was 
already checked at the end of the first paragraph of the proof of Lemma 2.2.1. If we 
have h[m] G Ker(t m (/c)), then hi[m] = ImH, /12 = ImH, and hs[m] p = ImH- As 
/i[m] G C m (/c), the element T m (/i[m], 1m[H) = 1mH](x^(/i3H) _1 is ImH; therefore 
<J 4,{h2,[m\) = ImH- Thus hs[m] = ImH- Therefore h[m] G Ker(t m (/c)) is the identity 
element. Thus the kernel of t m (/c) is trivial. 

Next we check that i m {k) is onto. Let h G Aut(-D[p m ]) C rys,red(&) ^ GLM(W m (k)). 
As h modulo p normalizes Fi, we can write h = hi [m]h2[rn]h4 : [m] p for some element 
{hxMM) G ft(W(/c)). Let g := h^h^h^hl)- 1 G GL M (W(k)). As we have /i G 
Aut(D[p m ]) crys , red (A;), we can identify (M/p m M, g[m]</> m , tf^H" 1 ) = (M/p m M, </> m , d m ). 
As g[m](j) m = (pm, the element fif[m] fixes 4>{M)/p m M. Thus we can write g = 1m +p ra ~ 1 e, 
where e G End(M) is such that e modulo p annihilates (p(M) / pM . As $ m = # m <7H _1 , 
the reduction modulo p of e annihilates Ker(-#i) = M/(p(M). As e modulo p annihi- 
lates both <f>{M)/M = a^F 1 ) + pM/pM and M/<f>(M) = M/a^F 1 ) + pM, the re- 
duction modulo p of 1m + e belongs to (cr < ^W_(j ( ^ 1 )(/c). Thus there exists an element 
/i 5 G Ker(W_(W m (fc)) — > W_(W m _i(fc))) such that we have g[m] = a^h^m]. Let 
h := (1m, 1m, ^5) • (^1,^2,^4) G IK(VF(/c)). As /is[m] p = ImH, we have ft[m] e Cm(&) 
due to the following identities 

T m (h[m},l M [m]) = {h^hP^h^h^)' 1 o >(/i5) _1 )H = {h 1 h 2 h p A (j){h 1 h2h P )~ 1 # _1 )H = 1 M 

As /i5[m] p = ImH' we have t m (h[m]) = (h P t h\h2h P )[m] = (h\h,2h P )[rn\ = h. Thus i m (k) 
is onto and therefore L m (k) is an isomorphism. This implies that i m is a finite epimorphism. 
Thus (b) holds. 

Due to Formula (2), (c) follows from (b) (see Definition 1.1 (a) for 7i>(m)). □ 

2.4.1. Remark. In [Tr2, Thm. 2] and [Tr3, Sect. 26], Traverso considered a group action 
that is very close in nature to the action T m and that has the form 

T°J l d :D m x k V m ^V m , 
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where V m is an affine variety over k of dimension rm 2 — d 2 . We emphasize that: 

- the description of V m is less clear and usable than the descriptions of T) m and lK m (see 
[Tr2, Subsect. 2.5] and [Tr3, Sect. 26]); 

- the stabilizer subgroup schemes of the action T^ d do not have a nice geometric interpre- 
tation (to be compared with Theorem 2.4 (b) and (c)); more precisely, the k- valued groups 
of the resulting stabilizer subgroup schemes are of the form {^[m] G r D rn (k)\g[m](p rn = 
4>mg[m]} (cf. [Tr2, proof of Subsect. 2.6, p. 51]) and therefore they ignore the Ver- 
schiebung maps (like ?? m ); 

- the action T^ d does not generalize easily to relative contexts (like the ones of Shimura 
F-crystals used in [Va3] or the more general ones to be introduced in Subsection 4.1 below) 
or to the context of p-divisible objects over k (see [Va2, Subsubsect. 2.2.1 (d)]). 

2.5. Lemma. Suppose that the image of the abstract composite homomorphism 

X D(m):Aut(D[p m ])(k)^Aut(D[p])(k)^W +0 (k) -» (W +0 /W+)(k) A W (fc) 

is finite (the homomorphism Aut(D\p])(k) — > W +0 (k) is defined naturally by the homomor- 
phism Ai ire d of Theorem 2.4 (b)). Then the connected group is a subgroup ofK™ ip . 

Proof: The homomorphisms i m and A m re d of Theorem 2.4 (b) are compatible with the 
standard reduction homomorphisms C m — > Ci, Aut(D[p m ]) crySil - e d — > Aut(-D[p]) C rys,red, 
and Aut(-D[p m ]) re d — > Aut(_D[p]) re d- Thus from Theorem 2.4 (b) and our hypotheses we 
get that the homomorphism C m — > Wofc which is the restriction of the homomorphism 
S m of Lemma 2.2.3, has finite image. Therefore the connected group is a subgroup of 
Ker(S m ). From this and Lemma 2.2.3 we get that is a subgroup of ?C™ ip . □ 

2.6. Lemma. We assume that is a subgroup of r K™ Y9 . Then the orbit m (o/1mH 
under the action T m ) is an affine scheme. 

Proof: The natural epimorphism !K m /C^ -» CK m /S m ^O m is finite. Thus from Cheval- 
ley's Theorem (see [Gro, Ch. II, (6.7.1)]) we get that m is affine if and only if !K m /C^ is 
affine. The homogeneous space J{ m /C^ is affine if and only if is an exact subgroup of 
% m , cf. [CPS, Thm. 4.3]. We recall (cf. [CPS]) that a subgroup A of J{ m is called exact 
if and only if the induction of rational A-modules to rational J{ m -modules preserves short 
exact sequences. As is a subgroup of 3~C™ P , it is an exact subgroup of CK m (cf. [CPS, 
Cor. 4.6]). Therefore the homogeneous space 3i m /C^ is affine. Thus m is affine. □ 

3. The proof of the Basic Theorem 

In this Section we prove the Basic Theorem. We use the notations listed before 
Subsection 2.1. The notations M = F 1 © F°, F\ F°, W+, W , W_, W +0 , W _, Oi, 5i, 
m ,tf m : M/p m M -> M/p m M, %-w m (k) = h-w m (k), 0-4,, K m , D m , T m , m , C m , and 
C^j are as in Subsections 2.1 and 2.2. If • is a commutative, flat VF(/c)-algebra, let be 
the p-adic completion of the •-module O. of differentials of • and let 5o : M ®w{k) • — * 
M ®w{k) be the flat connection that annihilates M <g> 1. 



15 



3.1. Proof of 1.2 (a). To prove Theorem 1.2 (a), we can work locally in the Zariski 
topology of A. Thus fixing a point yo G A(k), we can assume that A = Spec(ft) is an 
affine, integral scheme such that the following three properties hold: 

(i) if (AT, 0jy) $i\h ^ n) i s the evaluation of D(D) at the trivial thickening (S^ft), then 
the ft-module N is free of rank r; 

(ii) the kernel F^. of the cr^-linear endomorphism 0jy : iV — > iV is a direct summand 
of N which is a free ft-module of rank d; 

(iii) there exists an etale /c-monomorphism k[x\, . . . , x c d] 3? such that each is 
mapped to the maximal ideal £o of ft that defines the point yo- 

Above $n is the Verschiebung map of $jv an d is a connection on N. As 2) is a versal 
deformation at all k- valued points of A and as A has dimension cd, we get: 

(iv) the Kodaira-Spencer map 6jy °f ^ n is an ft-hnear isomorphism. 

Let ft 1 be a p-adically complete, formally smooth W(k)[xi, . . . , x c d]-algebra which 
modulo p is the k[x\, . . . , x c d] -algebra ft. Let be the Frobenius lift of ft 1 that is compat- 
ible with a and that takes Xi to x\ for all i G {1, . . . , cd}. Let 

: H^, — > f2~! be the differential map of Let (A", 0jv, t?jv, Vat) be the projective 
limit indexed by positive integers / of the evaluations of D(D) at the thickenings attached 
naturally to the closed embeddings Spec(ft) Spec(ft 1 /p z ft 1 ); its reduction modulo p is 
(AT, fift, Vjv)- Due to the property (i), the ft-module A" is free of rank r. Let 
be a direct summand of A" that lifts F^. Based on properties (i) and (ii), there exists 
an isomorphism (N, F^) A (M <S>w(k) ^ > -F 1 ^) to be viewed as a (non-canonical) 

identification. Under this identification, and Vjv get identified with gj\{§ ® Qjh) for 
some element gj\_ G GLm(31 1 ) and with a connection Vm on M ®vK(fc) ^ (respectively). 
We have: 

(7a) V m °£a(0®$:rO = (i/yi ) )oV M : (M+^F 1 )^^ 1 -> M® fW 0^,. 

The Kodaira-Spencer map of the reduction modulo p of Vm is an ft-linear map 

(76) A M : ©*=i^^ ~> Hom(F 1 , F°) ® k ft = [Lie(GL M/pM )/Lie(W +ofc )] ® fc ft 

which (due to the property (iv)) is an isomorphism. 

Let £j be the ideal of ft 1 such that we have ftV^o = ■Rf&o = k. The reduction of 
-G^fti modulo Lq is 0. This implies that the reduction modulo L Q of the following map 
(g A ((f)®® % i)®d$3 l i)oVM ■■ (M+iF 1 )® iy(fc) ft 1 -> M®^^)^, is 0. Thus the reduction 
modulo £|) of the map Vm 9a{4>® $#0 : (A^+ ^ 1 ) ®w(fc) ft 1 - *■ ^i is also 0, 

cf. (7a). Therefore Vm modulo £g is 5o — g~J^dgj\ modulo £ . Due to this and (7b), we 
get that by replacing A = Spec(ft) with an affine, open subscheme of it that contains the 
point yo G A(k), we can assume that: 

(v) the composite of the morphism 5u[l] : A — > GLm/ p m defined by gj\ modulo p 
with the natural quotient morphism GLm/ p m GLm/ p m /W+ok, is an etale morphism. 
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We consider the unique VF(/c)-monomorphism v : 0l l W(&) that lifts the identi- 
fication O^/pOl 1 = 01 and that takes Xi G Ol 1 to (xi, 0, . . . ) G for all i G {1, . . . , cd}. 
The VF(/c)-homomorphism v is compatible with the Frobenius lifts and it allows us to 
view GL M {01 1 ) as a subgroup of GL M (W(0V)). Thus we have g A G GL M (W(0V)). Let 
gryi[m] G GXa^WW^)) = ^m(^) be the natural reduction of g A and let 

Tj m '. A > 2?m 

be the morphism defined by ^[m]. 

3.1.1. End of the proof of 1.2 (a). Let y G A(k). Let C7 y G GL M (W(k)) be the pull 
back of g A via the Teichmiiller section Spec(W(k)) > Spec(VF($)) defined by y. The 
Dieudonne module of y*(D) is (M,g y (f)). The triple (M/p m M, g y \pn\$ m , $ m gy [m] -1 ) is 
isomorphic to (M/p m M, <p m , # m ) (i.e., y*(D)[p m ] is isomorphic to D[p m }) if and only if we 
have rj m (k)(y) G m (k) C D m (/c), cf. Lemma 2.2.1. Therefore we have y G S£>(ra)(fc) if 
and only if r} m (k)(y) G m (/c). Thus we can take S£>(m) to be the reduced, locally closed 
subscheme of A which is the reduced scheme of ?y^(0 m ). □ 

3.1.2. Remark. Let k\ be an algebraically closed field that contains k. The action 
T m x £ ki over k\ is the analogue action associated to the p-divisible group D kl instead of 
to D. From this and the definition of Sfl(m) in Subsection 3.1.1, we get that we have an 
identity S£>(m)(/ci) = {y G A(ki)\y*(0))\p m ] is isomorphic to D kl [p m ]}. In other words, 
the strata 5o(m) are compatible with pulls back via geometric points. 

3.2. Proof of 1.2 (b). Let 2/1,2/2 G So(m)(fc). For j G {1,2}, let Ij be the completion 
of the local ring of A at yj. Let Sj := Spec(Jj) x A s,o(m); it is a reduced, local, complete, 
closed subscheme of Spec(ij). Let Dj be the pull back of D via the natural formally etale 
morphism Spec(Jj) — > A. As A has dimension cd and as D is a versal deformation at all 
k- valued points of A, Dj[p m ] is the universal deformation of y*(0))[p rn ] (cf. [II, Cor. 4.8 
(ii)]). We can identify (non-canonically) y{(0~))\p m ] = D[p m ] = 2/|(I>)[p m ]. From the last 
two sentences, we get that there exists a unique isomorphism 712 : Spec(Ji) Spec(/2) 
for which we have a unique isomorphism Difp™] 7^2(^2) [p m ] that lifts the identification 
y* (D) [p m ] = yl(V)\p m ]. Based on Remark 3.1.2 we easily get that we have an identity 

5i = 712(52) 

of reduced schemes. This identity implies that: 

(i) the /c-scheme S\ is regular if and only if the /c-scheme S2 is regular, and 

(ii) we have dim(si) = dim(s2)- 

Let to(m) be a connected, open, regular subscheme of S£>(m). We take 2/1 such that 
it is a k- valued point of to(m). From the property (i) we get that Sr>(m) is regular at any 
other k- valued point 2/2 of it. Thus Sd(to) is a regular scheme. From this and the property 
(ii) we get that all local rings of S£>(m) of residue field k, have dimension dim(t£>(m)). 
Thus Sfl(m) is also equidimensional. □ 
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3.3. Proof of 1.2 (c). To prove Theorem 1.2 (c), we can work locally in the Zariski 
topology of A and therefore we can assume that we are in the context described in Sub- 
section 3.1. Let the morphism ?7 m : A — > X> m be as in Subsection 3.1. We consider the 
composite epimorphism (induced by Red^c^M with 2 < / < m) 

7r m : T> m -» D m -i -» • • • -» D\ = GL M / pM -» GL M / pM /W +ok . 

The composite morphism 7r m o r\ m is etale (cf. property 3.1 (v)) and therefore its image 
U m is an open subscheme of GLm/ p m /^+ok- The morphism r\ m is a section in the etale 
topology of U m of the epimorphism D m ><GL M/pM /w +ok U m -» U m induced naturally 
by 7r m . This implies that 23 := Im(?y m ) and tt)£)(m) := Im(?y m (s£)(m))) are reduced, 
locally closed subscheme of D m and m (respectively). The natural morphisms A — > 23 
and Sr>(m) — * tt)£)(m) are etale. Thus 23 and tt)£)(m) are regular /c-schemes which are 
equidimensional of dimensions cd and dim(s£)(m)) (respectively). 

For o a subscheme of D m , let T mj0 : Ji m x k o — * 23 m be the restriction of the action 
T m to lK m x k o. Let £ := b (1mH); it is a closed subscheme of 3i m x k 23. In the next 
four paragraphs we check that the following property holds: 

(*) the morphism T m ^ : 0i m x k 23 — > D m is smooth at all /c-valued points of £. 

As T m) s : JC m x fc 23 — > D m is a morphism between smooth /c-schemes, to check the 
property (*) it suffices to show that for each point (ho[m], go[m]) G £(/c), the tangent map 

i T (h [m],g [m]) t t t . (r n \ 

a^ m ^ ■ ^h [m] © L g [m] ~> L>ie{V m ) 

at the point (ho[m], go[m]) G £(/c) is onto. Here £/i [ m ] and £ go [ m ] are the tangent spaces 
of Ji m and 23 (respectively) at its k- valued points ho[m] and go[m] (respectively). Let 
lh [m] '■ 'E'm—^'Dm be the isomorphism defined by the left translation via the action T m 
through the point ho[m] G r K m {k). Let rh [ m ] '■ "^m — * Jim be the right translation through 
h [m] G Ji m {k). The isomorphism r ho[m] x l~* [m] : < K m x k l ho[m] {'B) ^ Ji m x fc 03 is such that 

we have an identity T m , s o r ho[m ] x l~^ [m] = T m>IfcoM ( S ) : JC m x k l ho [ m ]CB) -> f m . The 
isomorphism r ho[m ] x maps the point ((l M [m], ImH, 1mH)> ^H) g ^m(fc) x 

^/i [m](33)(A;) to (ho[m], go[m]) G lK m (/c) x 23 (/c); this is so as the relation (/i H, <7oH) £ 
£(fc) implies that T m (/i [m], <7oH) = ImH- Thus by replacing the morphism r] m with 
lh [m] Vm, to check that the tangent map ( ^^ ^ n ^ 9o ^ rn ^ j s onto, we can assume that 
ho[m] = (ImH, !mH, ImH) and 9oH = ImH; thus we have L MH = Lie(9£ TO ). 

We check by induction on m > 1 that (j|^H' lM H) j s on ^ _ As T m (h[m], ImH) * s 
the product of the elements hi[m}h2[rn]hs[m] p and a^(hs[m])~ 1 a^(h2[m])~ 1 a ( j } (hi[m] p )~ 1 
of T> m (k) = GL(W m (k)) (cf. (la)) and as the Frobenius endomorphism of the /c-algebra 
k © ks with e 2 = annihilates the ideal fee, the restriction of df^ ^' 11 ^^ 171 ^ to £h [ m ] = 
Lie(3i m ) is the same as the differential map of the homomorphism W m (To-) : Jim — * 'Dm 
which is defined by the homomorphism T -w m (fc) = %-w m (k) ■ ^w m (k) = ^w m {k) -> 
GL M / p m M (see Subsubsection 2.1.1) and which maps the point (/ii[m], ft^H, /13H) G 
ft m (fc) to /nH^HAaH" G D m (/e) = GL(W m (k)). 
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Suppose that m = 1. We identify Lie(IKi) = Lie(W +fc ) ©Lie(W fc) ©Lie(W_ fc ) as k- 
vector spaces. The restriction of rfT^ ° [1] ' 1m[1]) to the direct summand Lie(W +fc )©Lie(W ofc ) 
of Lie(JCi) ©Li M [i] is injective and its image is the Lie subalgebra Lie(W + ofc) of Lie(Di) = 

Lie(GLiM/ P M)i cf. the definition of Wi(CPo-)- The /c-vector space dT^ ^ (^i M [i]) is 

a direct supplement of Lie(W + oA;) in Lie(Di) = Lie(GL M / pM ), cf. property 3.1 (v). From 

the last two sentences we get that dT^g is onto. Thus the basis of the induction 

holds. For m > 2, the passage from m — 1 to m goes as follows. 

The action T m is a natural lift of the action T m _i and we have reduction epimor- 
phisms Red m ^ : lK m -» "K m -i and Red mj GL M : D m -» D m _i whose kernels are the vector 
groups over k defined by Lie("Kk) and lAe(GL M / pM ) (respectively). Thus we have natural 
short exact sequences of Lie algebras 

(8a) -> Lie(J{ fc ) ab -> Lie(J{ m ) -> Lie(:K m _i) -> 

and 

(86) -> Lie(GL M/pM ) ab -> Lie(D m ) -> Lie(D m _i) -> 0, 

where _L a b is the abelian Lie algebra on the /c-vector space _L. As ^r^^™^ 1 ^ ljw ' m_1 ^ 
is onto, to check that dT ^°H ,1m H) j s onto j t suffices to show that we have an in- 

elusion Lie(GL M / pM ) ab C Im(dT^ m] ' lM[m]) ). But dT^ m] ' lM[m]) (Ue(J{ k ) &h ) is the 
Lie subalgebra Lie(W +0 A:) a b of Lie((?L M / pM )ab, cf. the definition of W m (3\)_). Using 
a smooth parametric curve which has the form (ImHjImHj^WH) e ^m(^) for 
t G fc, where the element /i3(t)[m] G W_(W m (fc)) is such that hs(0)[m] = ImH and 
/i 3 (t)M p G Ker(W_(W m (/c)) -> W_(W m _i(fc))), from the definition ofW m (? -) we get 
that <iT^' ( ! B m ^ lM ^' ) (Lie(IK m )) contains the Lie subalgebra Lie(W_fc) a b of Lie(GL M / p M)ab- 
As Lie(GL M / pM ) a ]j = Lie(W +0 A;)ab © Lie(W_fc) a b, we get that the desired inclusion 

Ue(GL M/pM ) ah C Im(dT^ m] ' lM[m]) ) holds. Therefore (ffff 1 ' lMH) is onto. This ends 
the induction and thus also the proof of the property (*). 

Due to the property (*), the /c-scheme £ is smooth of dimension equal to 
dim(J{ m ) + dim(!B) — dim(D m ) = dim(S). The reduced subscheme of the image of the 
natural projection morphism II2 : £ — > 3 is K>d (m) and the fibres of II2 above k- valued 
points of tt>£>(m) are naturally identified with stabilizer subgroup schemes of k- valued 
points of ro£)(m) C O m . Thus all the fibres of n 2 above /c-valued points of ro£)(m) have 
dimension 7£>(m), cf. Theorem 2.4 (c). This implies that dim(tt)£)(m)) = dim(£) — 70 (m). 
Thus dim(tt)£)(m)) = dim(S) — 7r>(m). We recall that dim(S) = dim(.A) = cd and that 
dim(tti£)(m)) = dim(so(m)). From the last two sentences we get the desired identity 
dim.(sr>(m)) = cd — 7£>(m). □ 

3.3.1. Corollary. For all m> 1 we /mi>e 

(9) dim(O m ) = mr 2 — cd + dim(s£>(m)). 

Proof: We have dim(O m ) = mr 2 — 7r>(m), cf. Formula (1) and Theorem 2.4 (c). From 
this and Theorem 1.2 (c) we get that Formula (9) holds. □ 
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3.4. Proof of 1.2 (d). If y G s D {n D )(k) (i.e., if y*(D)[p nD ] is isomorphic to D{p nD ]), 
then y*(D) is isomorphic to D (cf. the very definition of no)- Thus for all m > no, 
y*(T>)[p rn ] is isomorphic to D[p m ] i.e., we also have y G So{rn)(k). Therefore for all 
m > no, we have Soino) C so(m); as we obviously have Si)(m) C S£>(n£>), we conclude 
that Sfl(m) = 5d(^_d)- Based on this and Theorem 1.2 (c) we get that for all m > no we 
have 7r>(w) = so- □ 

3.5. Proof of 1.2 (e). Let .D — > .D be an isogeny of p-divisible group over /c. Let k G N be 
such that p K annihilates the kernel X of this isogeny. We identify naturally D = D/X. We 
take m such that we have m > max{ft + n D ,no}- To prove that so = s D , we can assume 
that there exists a point y D : Spec(/c) — > A such that y* D (D) is isomorphic to I) (if needed, 
one can add extra connected components to A) . Let Iq be the completion of the local ring 
of A ai y D . Let s D (m — k) be the reduced, locally closed subscheme of A such that we 
have an identity s D (m — n)(k) = {y G A(k)\y*{T))[p m ~ K -] is isomorphic to D[p m ~ K ]} (cf. 
Theorem 1.2 (a)). We have dim(s^,(m — k)) = cd — s d and dim(so(ni)) = cd — so, cf. 
Theorems 1.2 (c) and (d) and the inequality m > max{« + n D , no}- 

Let ii)(m) be a finite, flat S£>(m)-scheme which is smooth over k and for which 
there exists an isomorphism D[p m ] Xj± \oina) D[p m ] x k i D (m), to be viewed as a natural 
identification (cf. [Va2, Thm. 5.3.1 (c)]). Let i) m , m be the quotient of T> x A io(m) by its 
finite, flat subgroup scheme X io(m); it is a p-divisible group scheme over i_o(m). For 
each closed point y : Spec(/c) t£>(w), the pull back y*(X ) m ,m) is a p-divisible group over 
k whose Barsotti-Tate group of level m — k is isomorphic to D[p m ~ K ]. As m — k > n D , 
we get that y*(D m , m ) is isomorphic to D. If / is the completion of the local ring of ir)(m) 
at y, then the p-divisible group D m , m x i D (m) Spec (7) over Spec(J) is the pull back of 
D Xji Spec(io) via a composite morphism Spec(I) — > s D (m — k) x a Spec(Io) ^ Spec(Io)- 
We show that the assumption that the morphism Spec(I) — > s D (m — k) x a Spec (Jo) does 
not have a finite fibre over k leads to a contradiction. This assumption implies that there 
exists an integral, closed subscheme Y of Spec (J) which is of positive dimension and over 
which the natural pull back of D is constant (i.e., it is isomorphic to D x^Y). This implies 
that the natural morphism Y — > A is constant (i.e., it factors through Spec(fc)). As the 
morphism Xoipi) — > A is quasi-finite, we get that Y has dimension 0. Contradiction. 

As the morphism Spec (J) — > s^(m — k) Xyi Spec (Jo) has a finite fibre over fc, at the 
level of dimensions we have the following relations 

cd — so = dim(5£)(m)) = dim(io(m)) = dim(Spec(/)) 

< dim(s D (m — k) x a Spec(Jo)) = dim(5^,(m — k)) = cd — s d . 

Thus s D < so- Interchanging the roles of D and D, a similar argument shows that 
sd < s D . Thus so = s D i.e., the specializing height of D is an isogeny invariant. □ 

3.6. Proof of 1.2 (f). If E\ and E2 are two finite, commutative group schemes over 
k, then Hom(£i, E2) is the affine group scheme of finite type over k that parametrizes 
homomorphisms between E\ and E 2 . The scheme Aut(E'i) is a non-empty, open subscheme 
of End (.Ei). As End(E'i) is equidimensional, we conclude that: 
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(i) we have dim(Aut(£i)) = dim (End (E^). 

Based on Theorem 1.2 (c), to prove Theorem 1.2 (f) it suffices to prove the following 
identity s D = cd-\ J2t=i r s r t \a s -a t \. As both numbers cd-\ Y^ s =i J2t=i r s rt\a s - 

at \ and sd are isogeny invariants (cf. Theorem 1.2 (e) for sd), to check that they are equal 
we can replace D by any other p-divisible group over k isogenous to it (this idea appears 
first in [Tr2, Sect. 1, pp. 46-47]). Thus we can assume that D is minimal in the sense 
of [Oo3, Subsect. 1.1] (this idea appears first in an informal manuscript of Oort and it 
slightly shortens the computations; we recall that Traverso used in [Tr2, Sect. 1, pp. 46- 
47] direct sums of special p-divisible groups over k of a-number at most 1). Thus we have 
a product decomposition D = Y\ V s =i ^si where D s is a minimal p-divisible group of height 
r s and Newton polygon slope a s = y-. To simplify the calculations, we can assume that 
ai < a.2 < • • • < a m . lil<t<s<v, then r s r t \a s — a t \ = c s d t — c t d s . Thus we compute 

^ V V V s • — 1 

(10a) cd- - ^2^2r s r t \a s - a t \ = cd-^2^2(c s d t - c t d s ) 

s=l t=l s=2 t=l 

V v s — 1 v s—1 V v s—1 

= ^2 °sd s + ^2 X^ Csrf * + ctd ^ ~ ^2( c * d t - °t d s) = ^2 ° sds + 2 S S ° tds - 

s=l s=2 t=l s=2 t=l s=l s=2 t=l 

We have dim(Aut(.D s [p])) = c s d s , cf. Example 2.3.1 and Theorem 2.4 (c) applied to 
(D s , c s , d s ) instead of to (D,c,d). Thus dim(End(.D s [p])) = c s d s , cf. property (i). 
Ifl<t<s<m and a s < at, then using the property (i) we have 

dim(Ant(D s [p}x k D t [p})) = dim(End( J D s [p] x k D t \p])) = dim(End( J D s [p]))+dim(End(A[p])) 

+ dim(Hom( J Dt[p], D 8 \p])) + dim(Hom( J D s [p], D t \p])) = c s d s + c t d t + 2c t d s 

(cf. end of Example 2.3.2 and Theorem 2.4 (c) applied to (D s D t , c s , c t , d s , d t )). Thus 
dim(Hom(L> t [p], D s [p])) + dim(Hom(.D s [p], D t [p])) = 2c t d s (either the third paragraph of 
Example 2.3.2 or standard Cartier duality can be used to show that in fact we have 
dim(Hom(D t [p], D s [p])) = dim(Hom(.D s [p] , D t [p])) = c t d s ). The identities of this para- 
graph also hold if a s = at (the references to Example 2.3.2 being replaced by references 
to Example 2.3.1). 

We have n D = 1, cf. either [Oo3, Thm. 1.2] or [Va4, Main Thm. D]. Thus 

V 

(106) s D = 7^(1) = dim(Aut(D[p])) = dim(End(L>[p])) = ^ dim(End(L> s [p])) 

s=l 

v s—1 v v s—1 

+ J2 ^[dim(Hom( D t [p], D s \p])) + dim(Hom(D s [p], D t \p}))] = J]c s d s + 2^^c t i. 

s=2 t=l s=l s=2 t=l 

From Formulas (10a) and (10b) we get that sd = cd — \ Y^ s =\ St=i r s r tl a s — OL t \. □ 

3.7. Proofs of 1.2 (g) and (h). To prove Theorems 1.2 (g) and (h), we can work 
locally in the Zariski topology of A and therefore we can assume that we are in the context 
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described in Subsection 3.1; in particular, A = Spec(ft) is affine. As m is a quasi-affine 
scheme (see paragraph before Lemma 2.2.10), rj^(O m ) is a quasi-affine A-scheme. From 
this and Subsubsection 3.1.1, we get that Sz)(m) = (?7^(Om))red is a quasi-affine .A-scheme. 

In order to prove a stronger form of Theorem 1.2 (h), in this paragraph we will only 
assume that the image of the homomorphism : A.ut(D[p rn ])(k) — > W (/c) introduced 

in Lemma 2.5, has finite image. This assumption implies that the orbit O m is an affine 
scheme, cf. Lemmas 2.5 and 2.6. Thus the scheme Sd(tti) = (?7^(Om))red is affine and 
therefore it is also an affine .A-scheme. This ends the proofs of Theorems 1.2 (g) and (h). 
This ends the proof of the Basic Theorem. □ 

3.7.1. Remarks, (a) The computations of Subsection 2.3 that led to the proof of prop- 
erties 2.3 (viii) and (ix), can be adapted to show that the reduced group of Ker(C m — > 
C m _i) does not depend on m > 2 and moreover has dimension 7d(1). Thus if we have 
7d(2) > 7d(1) (for instance, this holds if no = 2), then the group Im(C2 — > Ci) (equiva- 
lently, the group Im(Aut(D[p 2 ]) — > Aut(£)[p])) cf. Theorem 2.4 (b)) has positive dimension 
7d(2) — 7d(1) and therefore Theorem 1.2 (h) does not apply for m = 2. Moreover, easy 
examples show that the image of the homomorphism Xd(2) can be infinite and therefore 
in such cases even the previous paragraph does not apply for m = 2. 

(b) In practice, it is easy to decide if the homomorphism X£>(m) does or does not 
have a finite image. But even if the homomorphism X£>(m) has an infinite image, one 
expects that in many cases Si)(m) is an affine A-scheme. 

4. Applications to Shimura varieties of Hodge type 

In this Section we show how the Basic Theorem transfers naturally to the context of 
special fibres of good integral models in unramified mixed characteristic (0, p) of Shimura 
varieties of Hodge type. To be short (i.e., in order not to recall all the machinery of 
Shimura varieties of Hodge type) and for the sake of generality, we will work in the (more 
general and) axiomatized context of quasi Shimura p- varieties of Hodge type. In Subsection 
4.1 we present the relative version of the orbit spaces of Section 2. In Subsection 4.2 we 
introduce the mentioned axiomatized context. An analogue of the Basic Theorem for quasi 
Shimura p-varieties of Hodge type is presented in the Basic Corollary 4.3. Example 4.4 
pertains to the applicability of Corollary 4.3 (e). Example 4.5 pertains to special fibres of 
Mumford's moduli schemes Ad,i,i- Example 4.6 pertains to good integral models in mixed 
characteristic (0, p) of Shimura varieties of Hodge type. We will use the notations listed 
before Subsection 2.1; thus m is a positive integer. Once a good direct sum decomposition 
M = F 1 © F° is introduced, we will also use the notations listed before Subsection 3.1. 

4.1. Relative orbit spaces. Let G be a smooth, closed subgroup scheme of GLm such 
that its generic fibre Gs(k) is connected. Thus the scheme G is integral. Until the end we 
will assume that the following two axioms hold for the triple (M, 0, G): 

(i) the Lie subalgebra lAe(GB{k)) of Gs(k) is stable under </> i.e., we have 
(j){Ue(G B{k) )) = Lie(G B(k) ); 

(ii) there exist a direct sum decomposition M = F 1 © F° and a smooth, closed 
subgroup scheme G\ of GLm such that the following four properties hold: 
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(ii.a) the kernel of the reduction modulo p of is F 1 /pF 1 ; 

(ii.b) the cocharacter \i : G m — > GLm which acts trivially on F° and via the inverse of the 
identical character of G m on F 1 , factors through Gi; 

(ii.c) the group scheme G is a normal, closed subgroup scheme of G\ and we have a short 
exact sequence 1 — > G — > Gi — > — > 1, where it G {0, 1}; 

(ii.d) if u = 1 (i.e., if Gi ^ G), then the homomorphism ^ : G m — > Gi defined by /U (cf. 
property (ii.b)) is a splitting of the short exact sequence of the property (ii.c). 

If G is a reductive group scheme and u = 0, then the triple (M, 0, G) is called a 
Shimura F '-crystal over (cf. [Va3, Subsect. 1.1]). In general, the triple (M, 0, G) is called 
an F-crystal with a group over k (cf. [Va2, Def. 1.1 (a) and Subsect. 2.1]); if u = 0, then 
the W -condition of [Va2, Subsubsect. 2.2.1 (d)] holds for (M, 0, G). Due to the properties 
(ii.b) and (ii.c) we have a direct sum decomposition 

(11) Lie(G) = ®} = _ 1 F i (lAe(G)) 

such that \x acts via inner conjugation on F l (Lie(G)) as the — i-th power of the identi- 
cal character of G m . Let e+, eo, and e_ be the ranks of i ?1 (Lie(G)), _F°(Lie(G)), and 
F _1 (Lie(G)) (respectively). Let da '■= dim(Gfc) = dim(G.B(fc))- Due to (11) we have 

do = e+ + e + e_. 

4.1.1. Relative group schemes. We will use the notations listed before Subsection 3.1 
for the direct sum decomposition M = F 1 © F° of the axiom 4.1 (ii). We consider the 
following five closed subgroup schemes := W + n G, Wq : = W fl G, := W_ n G, 
W^ := W+o n G, and W[f_ := W _ fl G of G. Let 

<K G :=W^x w{k) W^x w{k) W?; 

it is a closed subscheme of IK such that "K^ ^ is a closed subgroup subscheme of 

Ww m (k) = ^w m (k) (we recall that we view the isomorphism 9 Wm (k) '■ ^w m (k) ^ ^w m (k) 
of Spec(W m (/c))-schemes natural identification). 

The group schemes and Wf over Spec(W(k)) are isomorphic to Ga + and Ga~ 
(respectively). More precisely, if R is a commutative VF(fc)-algebra, then we have 

W%(R) = l M ® w(fc) i i +F 1 (Lie(G))(g) w(fc)j R and W^(R) = l M ® ww R+F- 1 (Lie(G))® w{k) R. 

Let W^ 1 := W fl G\. The group scheme W^ 1 is the centralizer of the torus Im(//) 
in Gi and therefore it is a smooth group scheme over Spec(W(fc)), cf. [DG, Vol. Ill, Exp. 
XIX, 2.2]. If u = 0, then W(f = W^ 1 . If u = 1, then due to the property 4.1 (ii.d) we have 
a short exact sequence 1 -> W^f -> 1 -> G m -> 1 which splits; thus the group scheme 
W^ 1 is isomorphic to the semidirect product of and G m . We conclude that regardless 
of what u is, the group scheme is smooth over Spec(W(k)). 

The Lie algebras ofWg, W^, and W? are F 1 (Lie(G)), F°(Lie(G)), and F" 1 (Lie(G)) 
(respectively). This implies that the relative dimension of W^f is eo- The smooth, affine 
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scheme < K G has relative dimension do over Spec(W(k)). The natural product morphism 
"Pq : "K G — > G is induced naturally by the open embedding CPo : "K <— > GXm and there- 
fore it is also an open embedding. Let 7 G := lyyG x 1 w g x plyjG : "K G — > IK G . The 

composite morphism y G _ := 7° o T G : % G — > G has the property that its reduction 
^o-w (fc) : (fc) ~~ * ^Wm(fc) m °dulo p m is a homomorphism of affine group schemes 
over Spec(W m (fc)) which is a restriction of the homomorphism J ) o-w r m (fc) : ^w m (k) ~^ 
GL M / p m M (see Subsection 2.1.1 for CP — ) • 

4.1.2. Lemma. TTie group scheme W G over Spec(VF(/c)) is the semidirect product of 
Wf and W G . Thus W G is smooth. 

Proof: We have an identity Lie(W G 0B{k) ) = F 1 (Ue(G))[^] © F°(Lie(G))[±] as well as an 
inclusion Lie(W G ofc ) C F 1 (Lie(G)) 

<8>w(fc) ^ © F°(Lie(G)) ®vr(fc) Thus 
dim(W G 0B(fc) ) = dim B(fc) (Lie(W G 0B(fc) )) = e + + e > dim fc (Lie(W G ofc )) > dim(W G ofc ). 

The Zariski closure oiW G QB ^ in G is contained in W G and therefore we have dim(W G 0A; ) > 
dim(W G 0B ^). From the last two sentences we get that dim fc (Lie(W G 0A ,)) = dim(W G 0A .). 
This implies that W G ofc is a smooth group over k. Thus the affine group scheme W^ is 
smooth over Spec( W(fc)) if and only if the natural reduction homomorphism W G (W(k)) — > 
W G (/c) is onto. 

The semidirect product "W G of W G and W G is a smooth subgroup scheme of "W G . 
To check that the group scheme W G is smooth over Spec(W(k)) and equal to W G , it 
suffices to show that the group Wj (fc) is equal to its subgroup W G (/c) = W G (k)W G (k). 

Let hi2[l] G W G (/c) < W+o(fc). As W +0 is the semidirect product of W + and W , 
there exist unique elements h±[l] G W + (k) and h 2 [l] G W (/c) such that /ii2[l] = ^i[l]^2[l]- 
As the cocharacter ^ : G m — > Gife normalizes W G ofc , by considering conjugates of foi2[l] 
through /c-valued points of Im(//fc), we easily get that we have /ii[l], ^[1] G W G ofc (/c). This 
implies that G W+(fc)nG(fc) = W G (/c) and /i 2 [l] G Wo(fc)nG(fc) = W G (/c). Therefore 
/ii 2 [l] = /ii[l]/i 2 [l] G W G (fc) and thus W G (fc) = W G (fc). Therefore W G = W G . □ 

4.1.3. The relative action T G . Let < K G be the dilatation of G centered on the smooth 
subgroup W G 0A , of Gk; it is a smooth, closed subgroup scheme of "K. As in Subsubsection 
2.1.1 we argue that we have a natural morphism T G : !K G — > !K G of Spec(VF(/c))-schemes 
which gives birth to an isomorphism CP^ ^ : IK^ ^ "K^ ^ of Spec(Vt / m (/c))-schemes, 
to be viewed as a natural identification. Obviously, the group schemes structures on 

^ induced via the identification CP^ ^ or via the identification of IK^ ^ with 

a closed subgroup scheme of IKw m (fc), are equal. Let CK G := W m (IK G ) = W m (J{ G ); 
it is a smooth, affine group of dimension mdc which is connected if and only if !K G 
(equivalently W G fc ) is connected (cf. Subsubsection 2.1.4). Let 2) G := W m (G); it is a 
smooth, affine /c-scheme of dimension mcfe which is connected if and only if Gk is connected 
(cf. Subsubsection 2.1.4). 

As is a a-linear automorphism of M[|], the group {(phcf)' 1 \h G G(B(k))} is 
the group of _B(/c)-valued points of the unique connected subgroup of GL M ^i] that has 
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4>(Lie(G B ^)) as its Lie algebra (see [Bo, Ch. II, Subsect. 7.1] for the uniqueness part). As 
4>(Lie(GB(k))) = Lie(Gs(fc)) (cf. the axiom 4.1 (i)), we conclude that 
{#,(/> _1 |/i G G(B(k))} = G(B(k)). A similar argument shows that {a^ha^h G G(W(k))} 

G(W(k)) (see Subsection 2.2 for a^). For each h G ImCS>fi_(W(k))) we have ^hc/)' 1 G 
G(W(k)) = G(B(k)) DGL M (W(k)). Therefore we have a unique action 
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which is the natural restriction of the action T m of Subsection 2.2. Let G be the orbit 
of ImH G 2) g (&0 under the action T^. Let S G be the stabilizer subgroup scheme of the 
point ImH e ^m(^) under the action T^; we have S G := S m fl IK^. Let C G be the 
reduced group of S G and let C^f be the identity component of 

4.1.4. Definitions, (a) Let gi, g 2 G G(VF(A;)). By an inner isomorphism between the two 
quadruples (M/p m M, </i[m]0 m , isiH" 1 ^^^) and (M/p m M, g 2 \m\<\) m , ^H" 1 ^^ 
we mean an element #3 [to] G Cr(W m (fc)) which is an isomorphism between the two Dieudonne 
modules (M/ p m M, g\ [m] 4> m , ~d m gi [to] _1 ) and (M/p m M, g 2 [m]0 m , $ m <72 [to] -1 ). 

(b) Let (71,(72 G G(VF(/c)). By an inner isomorphism between the two triples 
(M, g\(j),G) and (M, g 2 (f>,G), we mean an element (73 G G(W(fc)) that is an isomorphism 
between the Dieudonne modules (M, <7i0) and (M, g 2 (f>) (i.e., we have g^gi4> = gi$9z)- 

(c) Let (71, (72 £ G(VF(/c)). By a rational inner isomorphism between the two triples 
(M, gi<p,G) and (M, g 2 <p,G), we mean an element (73 G G(B(k)) that is an isomorphism 
between (M[|],#i0) and (M[±],# 2 0) (i.e., we have s^i^ = ^^3). 

(d) Let Aut ( D [p m ]) crys , re d and A mire d be as in Theorem 2.3. Let Aut(D[p m ])f vySTed 
be the reduced group of the intersection 2)^ fl Aut(D[p m ]) crySire d taken inside D m . Let 
Aut(D\p m })g d be the unique reduced subgroup of Aut(-D[p m ]) re d with the property that: 

Aut(D\p m ])g d (k) = {ae Aut(D\p m }) red (k)\X m , ied (k)(a) G Aut(D[p m ])g ys , Ted (k)} ■ 

Thus Aut(D[p m ]) r ^ d is the reduced group of A^ red (Aut(L>[p m ])f rys red ) and Aut (D[p m ])g d (k) 
is the subgroup of Aut(D\p rn ]) Ted (k) formed by those elements that define (via \ m , T ed) inner 
automorphisms of (M/p m M, ^> m ^mt Gw m (k))- 

(e) By the centralizing G-sequence of D : we mean the sequence (7^( m ))m>i, where 
7 g(m) := dim(Aut(D[p" l ]) r G ed ) = dim(Aut(D[p m ]) c G ryS)red ). 

(f) Suppose that D has a polarization A. By the centralizing sequence of (D, A), we 
mean the sequence (7r>,A(m)) m >i, where 7d,a(to) := dim(Aut((-D, A)[p m ]))). 

4.1.5. Lemma. Let (71,(72 G G(W(k)). Then the two points gi [to] , g 2 [to] G 2) g (/c) 
belong to the same orbit of the action if and only if the following two quadruples 
(M/p m M,g 1 [m](l) mi ^[m] -1 , G Wm(k) ) and (M/p m M 1 g 2 [m](p rni ^m^H -1 , G Wm{k) ) are 
inner isomorphic. 

Proof: As W^ is the semidirect product of and W G (cf. Lemma 4.1.2) and as the 
product morphism y G : ^ G ^ is an open embedding, each element h G G(W(k)) 
with the property that h modulo p belongs to W G (/c), is of the form h = h\h 2 h^ where 
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h± G W%{W(k)), h 2 G W${W(k)), and h 4 G Ker^ (W{k)) -> W<z{k)). Based on this, 
the proof of the Lemma is the same as of Lemma 2.2.1. Strictly speaking, the reference 
[Va2, Lem. 3.2.2] (used in the proof of Lemma 2.2.1) is stated only for the case when u = 
(i.e., when G = G\). But the proof of loc. cit. applies entirely to our slightly more general 
context in which u G {0, 1}. □ 

4.2. Quasi Shimura p-varieties of Hodge type. Until the end we assume that c = d 
and we only use d. Let / > 3 be an integer relatively prime to p. Let Ad,i,i be the Mum- 
ford moduli scheme over Z( p ) that parametrizes principally polarized abelian schemes that 
are of relative dimension d over Z( p ) -schemes and that have a level-/ symplectic similitude 
structure, cf. [MFK, Thms. 7.9 and 7.10] adapted naturally to level-/ symplectic similitude 
structures instead of only level-/ (symplectic) structures. Let (Qd,i,l, Aj> d 1 J be the prin- 
cipally quasi-polarized p-divisible group over Ad,i,i of the universal principally polarized 
abelian scheme over Aa,i,i- 

4.2.1. Definition. Suppose that D has a principal quasi-polarization A. Let ip : M x M — > 

W(k) be the perfect, alternating form on M induced naturally by A; for x, y G M we have 
ip((f)(x), 4>{y)) = pa(ip(x,y)). Suppose that G is a closed subgroup scheme of Sp(M,ip). 
We recall that the axioms 4.1 (i) and (ii) hold for the triple (M, (f>, G). As n : G m — > G\ 
can not factor through Sp(M,ip), we have u = 1 (i.e., we have a short exact sequence 
1 -> G -> Gi -> G m -> 1). Let J := {(M, g(f>,ip,G)\g G it is a /amz/y of 

principally quasi-polarized Dieudonne modules with a group over fc. By a gnasi Shimura 
p-variety of Hodge type relative to 5F, we mean a smooth /c-scheme M equipped with a 
quasi-finite morphism M — > Ad,i,i k that satisfies the following three axioms: 

(i) the smooth /c-scheme M is equidimensional of dimension e_; 

(ii) the morphism M — > Aa,i,i k induces /c-epimorphisms at the level of complete, 
local rings of residue field k (i.e., it is a formal closed embedding at all k- valued points); 

(iii) there exists a family of etale maps pi : Ui — > M indexed by a finite set U for 
which the following four properties hold: 

(iii. a) we have M = U i6 jlm(pj) and each Ui = Spec(-Ri) is an affine /c-scheme; 

(iii.b) if (Ni, $Ar i7 V^, ipi) is the projective limit indexed by positive integers / of the eval- 
uations at the thickenings &i(Ri) of the principally quasi-polarized F-crystal Ci over 
Ri of the pull back of {T>d,i,h A© d 1( ) to Ui, then there exists an isomorphism 

ro, : (Ni,$ N .,V N .,il)i)^(M® w{k) W(Ri),gi((j)®(T Ri ),Vi,ip) 

for some connection V, : M ®vK(fc) W(Ri) — > M <S>w(k) ^w(R ) an< ^ ^ or some element 
gi G G(W(Ri)) which gives birth to (i.e., lifts) a morphism Ui — > Gk whose composite 
with the quotient epimorphism Gk -» Gfc/W^ 0A , is an etale morphism 

ffc,!,- : ^ - G k /W% k = V?/W% k 
(here &i(Ri) and O^/^.n are as in the beginning of Section 3); 
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(iii.c) for all pairs (11,12) G 3 x 3 such that the affine scheme x M U i2 = Spec(R il:i2 ) 
is non-empty, the isomorphism between the pulls back of (M <S>w(k) ^(R^), g^cf) ® 
VRiJ, V^,^) and (M® W ( k )W(R i2 ),gi a (<l>®<TR i2 ),Vi a ,il>) to W(R ilii2 ) induced nat- 
urally by Wi x and Wi 2 , is defined by an element hi x ^ 2 G G(W(Ri lj i 2 )); 

(iii.d) for each formally etale morphism Spec(/c[[xi, . . . , x e _]]) — > U% that lifts a point 
y G Ui(k) and for each morphism : Spec(W(fc)[[xi, . . . , x e _]]) — > G which mod- 
ulo the ideal (xi, . . . ,x e _) defines the identity section of G, which factors through 
the open subscheme Im( 3^) of G, and which defines naturally a formally etale mor- 
phism from Spec(W(fc)[[a;i,... ,x e _]]) to Im(^)/Wf ^W^, the pull backoff to 
Spec(/c[[xi, . . . , x e _]]) is isomorphic to 

(M® w(k) W(k)[[x u ... ,x e _]],wG(gy,i<f>®$),Vi,il)) 
under an isomorphism that induces (via Wi) an isomorphism 
(12) (M ® w(k) W{R t ), gi ((f) ® a Ri ), Vi, V) ^(jji) VT(fe[[xi, . . . , x e _]]) 

■^(M <g> w(fc) W(k)[[x u ... ,x e _]},w% y ^®^),Wi,ip)®W(k[[x 1 ,... ,x e _}}) 
defined by some element of G{W{k[[x\, . . . , x e _]])); here: 

- g V) i G G(W(k)) is the pull back of gi G G(W(Ri)) via the Teichmiiller section 
Spec(W(k)) ^ Spec(W(R t )) defined by y; 

- $ is the Frobenius lift of W(fc)[[a?i, . . . ,x e _]] that is compatible with cr and that takes 
Xi to x\ for alH G {1, . . . , e_}; 

- the tensorization with W(fc[[xi, . . . , x e _]]) of the right hand side of (12) is via the 
VF(/c)-monomorphism v : W(k) [[x±, . . . , x e _]] . . . , x e _]]) that takes Xi to 
(xi,0,...) G W(k[[x u ... ,x e _}}) for alH G {1, . . . ,e_}. 

4.2.2. Simple properties, (a) Let <7i[m] G G(H / m (i?,)) be the natural reduction of 
9i G G(W(IU))- Let 

be the morphism defined by gi[m]. Let y G M(k). If z G J is such that we have 
y G lm(Ui(k) — > M(/c)), then we denote also by y an arbitrary /c-valued point of E/j 
that maps to y and we take g y ^ G G(VF(/c)) to be as in the property (iii.d) of the axiom 
4.2.1 (iii). Due to the property (iii.c) of the axiom 4.2.1 (iii), the inner isomorphism class 
of the triple (M, g y ,i(f), G) depends only on y G M(/c) and not on either % G J or the choice 
of the point y G Ui(k) that maps to y G M(k). From this and Lemma 4.1.5 we get that 
the orbit 0^(y) of g y ,i[m] := i] ijm (k)(y) G (i.e., of the reduction modulo p m of g y ^) 
depends only on y G M(/c). We call (M, <7 y ,i0, G) the F -crystal with a group attachedto the 
point j/ G M(/c). We also call (M/p m M, g y ^j\jri\$ m , l &m 9 y,i\pA~ X ■, Gw m (k)) the D-truncation 
modulo p m of (M, ^ 5 j0, G) (to be compared with [Va3, Subsubsect. 1.1.1], where the case 
m = 1 is considered but for the triple (M, ^,^0, Gi) instead of for (M, <7 y ,i0, G)). 

(b) Each etale scheme over M is itself a quasi Shimura p-variety of Hodge type 
relative to 3". Thus locally in the etale topology of M, for the (locally etale) study of M 
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one can assume that J has only one element and that M = Ui = Spec(Ri) is affine. One 
can also assume that there exists an etale /c-monomorphism k[x±, . . . , x e _] Ri such that 
the ideal (x\, . . . , x e _) is mapped to the maximal ideal of Ri that defines an a priori fixed 
point y G M(y) = U-(y). 

(c) We recall the well known argument that the reduction Vi, m modulo p m of 
the connection Vj on M <g>w(k) W(k)[[xi, . . . ,x e _]] is uniquely determined by the nat- 
ural reductions w^ j7n G G(W m (k)[[xi, . . . ,x e _]]) and g y ,i[m] G G(W m (k)) of and 

<7 yj j (respectively). Let $ m be the reduction modulo p m of <E>. The connection Vi, m on 
M/p m M ®w m {k) W m [[xi, . . . ,x e _]] satisfies the following equation 

X o w° tm {g yti [m]<f> m <g> $ m ) = (i»-, m (j y ,iH^. ® $ m ) ® d<$> m ) o X 

between maps from (M+±F 1 )/p m (M+±F 1 )® Wm{k) W m [[x u . . . , x e _]] to M/p m M® Wm{k) 
©j=i W^ m [[xi, . . . , x e _]]cfcc_j-. Let Xi,X 2 be two solutions of this equation in X. We 
have X l - X 2 G End(M/p m M) ® Wm ( fc ) Ci^™^^ 1 '--- ,x e _]]dxj. As for all j G 
{1,... ,e_} we have d$>(xj) = px v ~ x dxj and as 4> m maps (M + ^F 1 )/p m (M + ^F 1 ) 
isomorphically to M/p m M, by induction on q G N we get that Xi — X 2 belongs to 
End(M/p m M) ® Wm {k) ©^=1(^1, ••• ,x e _) q dxj. As the local ring W m (fc)[[xi, . . . ,x e _]] is 
complete in the (x\, . . . ,x e _)-adic topology, we conclude that X\ — X 2 = 0. Thus indeed 

the connection Vj m is uniquely determined by m and g y ,i[m]. 

4.2.3. Level m stratification of M. Let y G M(k). Let (yi, y 2 ) G J x J be such that the 
affine scheme Xjvt Ui 2 is non-empty. Due to the property (iii.c) of the axiom 4.2.1 (iii), 
the reduced schemes of the pulls back of 0^ (y) via the two morphisms Xjvt Ui 2 T> m 
defined naturally by the morphisms 77^ , m and i]i 2 ,m, are equal. This implies that there 
exists a unique reduced, locally closed subscheme Sy(m) of M such that we have: 

(*) for all i G J, the scheme Ui Xj^ Sy(m) is the reduced scheme of vt,m(®m(y)) ■ 
Thus we have an identity of sets 

5 C(m)(k) = {zeM(k)\0C(z) = 0C(y)}. 

For each algebraically closed field k\ that contains k and for each point yi G M(fci), 

we similarly define an orbit O^(yi) of the action Tm W(kl) = T G x k k\ and a reduced, 
locally closed subscheme s G (m) of 3Vl kl such that we have an identity Sy l (m)(ki) = {z\ G 
M(A;i)|0^(^i) = O^(yi)} of sets of fci-valued points. 

By the level m stratification § G (m) of M, we mean the stratification in the sense of 
[Va2, Def. 2.1.1] defined by the rule: 

(**) for each algebraically closed field k\ that contains k, the set of strata of S G (m) 
that are reduced, locally closed subschemes of M kl is Sj^m) := {s^(m)|yi G M(ki)}. 

4.2.4. Ultimate stratification of M. Let no be the smallest positive integer that has 
the following property (cf. [Va2, Main Thm. A]): 
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(*) for each g G G(W(k)) and every g na G Ker(G(W(k)) -> G(W nG (k))), there 
exists an inner isomorphism between (M, gcj), G) and (M, g nG g4>i G). 

Based on (*), for all m > uq we have S G (m) = S G (n(j). We call 

S G := S G (n G ) 

the ultimate stratification or the Traverso stratification of M. 

4.3. Basic Corollary. Let (M, 0, 6e £/ie principally quasi-polarized Dieudonne module 
of a principally quasi-polarized p-divisible group (D, A) over k of height 2d. Let G be a 
smooth, closed subgroup scheme of Sp(M,ib) such that the axioms 4-1 (i) o,nd (ii) hold 
for the triple (M, 0, G) (with u = 1). Let I > 3 be a positive integer prime to p. Let 
M — > Ad,i,i k be a quasi Shimur a p -variety of Hodge type relative to 3 := {(M, gcj), ip, G)\g G 
G(W(k))} . To fix the notations, we assume that there exists a point y G M(/c) such that 
(with the notations of Sub sub sections 4-1-3 and 4-2.1 (a)) we have G (y) = G . Then the 
following five properties hold: 

(a) the reduced, locally closed subscheme s G (m) o/M is regular and equidimensional; 

(b) we have dim(s G (m)) = e_ — 7^(m); 

(c) for m > uq, the number r )%{va) is equal to 7^ (no ) ; 

(d) the "M-scheme s G (m) is quasi-affine; 

(e) if the image of the abstract composite homomorphism 

X G (m) : Aut(D[p™]f(k) - Aut(D[p]f (k) -> W G ok (k) 

- (w G ofc /w G fc wS uni P)(fc) a ( w G /w G r ip ) W 

is finite, then the reduced, locally closed subscheme s G (m) o/M satisfies the purity property 
(here the second homomorphism Aut(D[p]) G (k) — > W G 0A ,(/c) is defined naturally by the 
homomorphism Ai )re d 0/ Theorem 2.4 (b) and W G k unip is the unipotent radical ofW G k ). 

Proof: We check (a). Let yi,j/2 G s G (m)(k). For j G {1,2}, let 7 G be the completion 
of the local ring of M at yj and let ij G J be such that there exists a point (denoted 
in the same way) yj G Ui^k) that maps to yj G M(/c). Due to the axiom 4.2.1 (i), we 
can identify I G = I G = k[[x\, . . . ,x e _]]. Let s G := Spec(/ G ) x M s G (m); it is a reduced, 
local, complete, closed subscheme of Spec(/ G ). As j/i,j/2 G 5 G (m)(/c), from Lemma 4.1.5 
we get that (up to inner isomorphisms) we can assume that g yi ,i 1 [m] = c?y 2 ,*2 [ m ] • This 
assumption is compatible with the property (iii.d) of the axiom 4.2.1 (iii); this is so as 
the conjugate of each morphism w G : Spec(W (k)[[x\, . . . ,x e _]]) — > G as in the mentioned 
property via an element of Im(J> G _(W(/c))) = {b G G(W(k))\\?[l] G W G (/c)}, is a mor- 
phism that has the same properties as w G . From this and the property (iii.d) of the axiom 
4.2.1 (iii) we get that there exists an isomorphism 712 : Spec(/ G ) Spec(/ G ) such that 
the reduction modulo p m of the pull back of (M ®w(k) W(k)[[xi, . . . , x e _]], w G (g y2ii2 (f) <g> 

^w(k)[[x!,... ,x e ]]), Vj 2 ,V0 via 712 is naturally identified with the reduction modulo p m of 
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(M ® w{k) W(k)[[x u ... ,x e _]],w^{g Vltil (f> <g> V)fc>-A_]])' V «i^) ( cf - also Subsub- 
section 4.2.2 (c) for the part involving connections). Such a natural identification J12 is 
unique up to isomorphisms defined by elements of G(W TO [[a;i, . . . , # e _ ID- 
Let K be an algebraically closed field that contains k. Let z\ G Spec(/ G )(-KT) and 
let z 2 := 712 zi G Specif) (if). Let ^ G G(W(K)) be such that the triple (M ®vi/(fc) 
W(K),g Zj (4>®ctk),G w ^k)) is the -F-crystal with a group over K attached to the if -valued 
point of M defined naturally by Zj. Let <3)j : Spec(W(K)) — > Spec(VF(/c)[[a;i, . . . ,x e _]]) 
be the Teichmiiller lift of the point Zj G Spec(/ G )(if) = Spec(/c[[xi, . . . , x e _]])(K). The 
element g Zj G G(VF(if)) is the composite of Qj with w ( ±g y ^i j G G(VF(/c)[[xi, . . . , x e _]]). 
Due to the existence of the identification J12, we get that we can assume that g Zl , g Z2 G 
G(W{K)) are congruent modulo p m . This implies that z\ factors through sf if and only 
if z 2 factors through s G . Thus we have an identity s G = 7i 2 ( 5 2 ? )- 

As in Subsection 3.2 we argue that the identity s G = J^isf) implies that s G (m) is 
a regular and equidimensional /c-scheme. Thus (a) holds. 

We check (b). The finite epimorphism t m : C m -» Aut(-D[p m ]) cry s,red induces a fi- 
nite homomorphism t G : C G — > Aut(L>[p m ]) G ys red , cf. the very definitions of C G and 
Aut( J D[^]) c G rys red . The homomorphism ig{k) ': Qg(k) -> Aut( J D[^]) c G ryS;red (/ C ) is in- 
jective (cf. Theorem 2.4 (b)) and next we will check that it is also surjective. Let 
hWhiHhsHP G Aut(D[p m ])g ysred (k) < G(W m (fc)), where (^[m], ^H, fc 3 M) G 
e m (fc) (cf. Theorem 2.4 (b)). As 7ii[m]/i 2 [m]/i 3 [m] p G G(W m (fc)), we have the rela- 
tions /ii[m] G Wf(W m (k)), h 2 [m] G W G (VT m (£;)), and h 3 [m] p G W G (W m (*0)- But as 
(hi[m\,h2[m],h s [m\) G C m (/c), we have /ii[m]/i 2 [TO]/i 3 [m] p = a<£(/ii[m] p )a^(/i2[m])a>(/i 3 [m]) 
From the last two sentences we get that cr^h^m]) G G(W m (k)) and therefore (cf. Sub- 
subsection 4.1.3) that h 3 [m] G G(W m (k)). Thus h 3 [m] G W G (W m ( fc )) = G(W m (k)) n 
W_(W m (fc)) and therefore (/ii[m], /i2[w], /i 3 [m]) G C G (/c). Thus the homomorphism t G (k) 
is an isomorphism. Therefore we have the following analogue 

dim(C G ) = dim(Aut(D[p m ]) cryS)red ) = !%{m) 

of Theorem 2.4 (c) (for the last identity cf. Definitions 4.1.4 (d) and (e)). 

As dim(C G ) = 7j5(m) and as for each i G J the morphism r/^i,- : Ui — > 2) G /W G 0A , is 
etale (cf. property (iii.b) of the axiom 4.2.1 (iii)), the proof of (b) is the same as the proof 
of Theorem 1.2 (c) presented in Subsection 3.3. 

We check (c). For m > no, we have s G (m) = s G (nc) (cf. the definition of n<j). 
From this and (b) we get that we have ^%{m) = ^(hq). 

We check (d). As G is a quasi-affine 2) G -scheme, for each % G J the scheme 
Sy(m) xjy[ Ui is a quasi-affine £/i-scheme. From this and the etaleness part of the ax- 
iom 4.2.1 (iii) we get that 5 G (m) is a quasi-affine M-scheme. Thus (d) holds. 

We check (e). From the hypotheses of (e) and from Definition 4.1.4 (d), as in Lemma 
2.5 we argue that 6^° is a subgroup of Ker(S G ), where the epimorphism 

s£ = w£ - w G /w G r ip 

is defined at the level of k- valued points by the rule: (/ii[m], h2[m], h 3 [m]) G ^Kg(k) is 
mapped to the image of h 2 [l] G W G (Jfe) in (W G /W G / : unip )(/c). From this and Lemma 2.2.3 
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we get that C^f is a subgroup of the unipotent radical of IK G . Thus the proof of Lemma 
2.6 adapts to give us that the orbit G AIK G /S G is an affine scheme. This implies that 
for each j 6 3 the scheme s G (m) Xj^Ui is an affine ^-scheme. From this and the etaleness 
part of the axiom 4.2.1 (iii) we get that s G (m) is an affine M-scheme. Thus (e) holds. □ 

4.3.1. Corollary, (a) If there exists a point y G M(fc) such that we have G (y) = ®m> 
then 7^5 (m) < e_ . 

(b) The level uq stratification § G (nc) ofM satisfies the purity property as defined 
in [Va2, Subsubsect. 2.1.1]. 

Proof: Part (a) follows from Corollary 4.3 (b). For m » no, the images of Aut(D[p rn ]) (k) 
and Aut(D) in Aat(D\p])(k) are equal (cf. [Va2, Thm. 5.1.1 (c)]) and thus they are finite. 
Therefore the hypotheses of Corollary 4.3 (e) hold for m » tiq. Thus s G (m) = s G (nc) 
is an affine M-scheme, cf. Corollary 4.3 (e). Part (b) is only a reformulation of the last 
sentence in terms of stratifications. □ 

4.3.2. Remarks, (a) Suppose that there exits q G N such that the .A^i^-scheme M is 
the pull back of an Ad,i,i w 9 -scheme Mf p<3 . If the axiom 4.2.1 (iii) holds naturally over W pq , 

then the stratification S G (m) is the pull back of a stratification of Mf p? . 

(b) The proof of Theorem 1.2 (e) can be easily adapted to show that the number 
1d( u g) depends only on the rational inner isomorphism class of (M, 0, G). 

4.4. Example. Suppose that W^,/W^ unip is a torus over k. As is a unipotent group 
(cf. Theorem 2.4 (a)), the image of the subgroup C^ G of e° m in W^/W^ 1 " 1 ' 15 is trivial. 
Thus the hypothesis of Corollary 4.3 (e) holds for all m > 1 and therefore the stratification 
S G (m) satisfies the purity property. On the other hand, we emphasize that the number 
no can be arbitrarily large (to be compared with [Va2, Subsect. 4.4]). 

The previous paragraph applies if G\ is a reductive group scheme whose adjoint group 
scheme Gf d is isomorphic to PGL\ for some t G N and if the cocharacter \i : G m — > G\ 
has a non-trivial image in each simple factor PGL2 of Gf d ; in such a case W G is itself a 
torus of rank t over Spec(W(k)) and therefore the group W G /W G ^ unip is a torus over k. 

4.5. Example. Suppose that G = Sp{M, if>) and G x = GSp(M, if)). Let M = F 1 © F° 
be a direct sum decomposition such that F 1 /pF 1 is the kernel of <p modulo p and we 
have V(^ 1 ,^ 1 ) = V>(^ ,^ ) = 0. Obviously both axioms 4.1 (i) and (ii) hold for the 
triple (M, 0, G). Let M := Ad,i,i k - It is well known that da = dim(G B ( fc )) = 2d 2 + <i, 

that eo = d 2 , that e_ = e + = ; anc i that dim(M) is a smooth /c-scheme which is 

equidimensional of dimension e_. Thus the axioms 4.2.1 (i) and (ii) hold. It is easy to 
check that the axiom 4.2.1 (iii) holds as well. For instance, we can take (Ui) ie j to be an 
arbitrary affine, open cover of M such that for all i G J the following three properties hold: 
(i) the -R^-module Ni/pNi is free of rank 2d, (ii) the kernel of the reduction of $at 4 modulo 
p is a free direct summand of Ni/pN^ of rank d, and (iii) we have an etale morphism 
k[x±, . . . , x e _] * Rf, here iVj, $Ar i7 and Ri are as in the property (iii.b) of the axiom 4.2.1 
(iii). The fact that this property holds is an easy consequence of the following fact: (iv) 
any two symplectic spaces over Ri that are defined by free i?j-modules of rank 2d and that 
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have free direct summands which are of rank d and isotropic, are isomorphic; thus as in 
the proof of the property 3.1 (v) we argue that (by shrinking Ui) we can assume that the 
morphism r\%,\,- '■ Ui — > T>f /W^ ok is etale. The fact that the property (iii.d) of the axiom 
4.2.1 (iii) holds, is a particular case of the Faltings deformation theory in the form used in 
[Val, Subsect. 5.4] (loc. cit. worked with p > 2 but it also applies even if p = 2). 

Thus M is a quasi Shimura p-variety of Hodge type relative to 3 r . The level m 
stratification S G (m) of M is the pull back of a stratification of Ad,i,i ¥ , cf. Remark 4.3.2 
(a). 

Each principally quasi-polarized truncated Barsotti-Tate group (B,Ab) of level m 
and dimension d over k lifts to a principally quasi-polarized p-divisible group over k. From 
this and [Va2, Prop. 5.3.3] we get that (B, A B ) is the principally quasi-polarized truncated 
Barsotti-Tate group of level m of a principally polarized abelian variety of dimension d over 
k. Each principally quasi-polarized Dieudonne module of dimension d over k is isomorphic 
to (M,u(f),ip) for some element u G G(W(k)). Based on the last two sentences and on 
Lemma 4.1.5, we get that the strata of Sjjf (m) (equivalently, the orbits of the action T G ) 
are parametrized by isomorphism classes of principally quasi-polarized truncated Barsotti- 
Tate groups of level m and dimension d over k. 

To fix the notations, let y G M(fc) be such that y*{{ r E>d,i,h Ai> d x ;)m) = (D,A). 
Let no, a be the smallest positive integer such that (D,A) is uniquely determined up to 
isomorphisms by its truncation (D, A) [p ncA ] of level no, a, cf. [Va2, Subsubsect. 3.2.5]. For 
all m > 1 we have Aut(D[p m ])^ ed = Aut((D, A)[p m ]) re d, cf. the classical Dieudonne theory. 
Thus for all m > 1 we have ^%{m) = 7d,a(w). If m > ud,a, then Sy(m) = Sy(nD,A)- 
The proof of Theorem 1.2 (f) can be easily adapted to provide a formula for 7d,a(^d,a) in 
terms of the Newton polygons slopes of (M, </>). As this formula for 7d,a(^d,a) is stated 
in an informal manuscript of Oort, it will not be presented here. 

4.6. Example. For basic properties of Shimura varieties of Hodge type we refer to [Del], 
[De2], [Mil], [Mi2], and [Val]. Let (W,ip) be a symplectic space over Q of dimension 
2d. Let § be the 2-dimensional torus over R whose group of R- valued points is G m (C). 
Let V be the set of all homomorphisms § — > GSp(W, ifj)^ that define Hodge Q-structures 
on W of type {(— 1, 0), (0, — 1)} and that have either 2irii/j or —2niilj as polarizations. 
Let (S, X) (GSp(W,i/j),y) be an injective map of Shimura pairs. Let Sh(S, X) and 
Sh(GSp(W, ip), y) be the canonical models of (S, X) and (GSp(W, ip), V) over the reflex 
fields .E(S,X) and Q (respectively), cf. [Del, Variant 5.9]. Let wbea prime of E($,X) 
that divides p. Let 0( w ) be the localization of the ring of integers of E($, X) with respect to 
w. Let L be a Z-lattice of W such that we have a perfect, alternating form tfj : L x L — > Z. 

Let / > 3 be an integer prime top. Let K(l) := {h G GSp(W, ifj)(Z)\h modulo / is the ident 
Let H(l) be an open subgroup of S(Z.®^Q)nAT(/). There exists a natural finite morphism 

Sh(S,X)/tf(/) - Sh(GSp(W^)^) E{s , x) /K(l) 

(cf. [Del, Cor. 5.4 and Def. 3.13]). We also have a natural identification Sh(GSp(W, ij>), V)/K(l) = 
■^•d,i,«Q' Pel, Example 4.16]. Thus we can speak about the normalization N of 
^-d,i,«o ( , m tne rm S °^ fractions of Sh(S, X)/H{1). Let M be a connected component 
of Nfc. We assume that the following two properties hold: 
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(i) the prime w is unramified over p and the 0( w ) -scheme N is smooth; 

(ii) the natural morphism M — > «Ad,i 5 / fe induces /c-epimorphisms at the level of com- 
plete, local rings of residue field k (i.e., it is a formally closed embedding at all k- valued 
points). 

One can check that (i) implies (ii) (to be compared with [Val, Cor. 5.6.1]). Due to 
the first part of the property (i), we can view W(k) as an O^-palgebra. Let y G M(/c). Let 
z G N(W(fc)) = Nw(k)(W(k)) be a point that lifts y. Let (M, F 1 , 0, -0) be the principally 
quasi-polarized filtered Dieudonne module over k of z*((Dd,i,h A<D d 1 Let GiB(k) be 

the connected subgroup of GL M [i] that corresponds naturally to 9 via Fontaine comparison 

theory, as in [Val, Subsubsects. 5.3.4 and 5.6.5]. Let G\ be the Zariski closure of Gs{k) m 
GL M - Let G := G\ n Sp(M, ip). We also assume that the following third property holds: 

(iii) the group scheme G\ is smooth over Spec(W (k)) . 

It is easy to see that the axioms 4.1 (i) and (ii) hold for the triple (M, 0, G) and 
that e_ = dim(X) = dim(M) (to be compared with [Val, Subsubsects. 5.4.6 and 5.4.7]). 
We have a short exact sequence 1 — > G — > Gi — > G m — > 1 which, due to the existence 
of a cocharacter : G m — > Gi as in the axiom 4.1 (ii), splits. This implies that G\ 
is the semidirect product of G and G m . Based on this and the property (iii), we get 
that G is smooth over Spec(W(k)). One can use Faltings deformation theory as in [Val, 
Subsect. 5.4], to check that M is a quasi Shimura p- variety of Hodge type relative to 
£F := {(M, <70, ip, G)\g G G(W(k))} and that, up to natural identifications, 5F does not 
depend on the choice of the point y G M(/c). The etale morphisms Ui — > M are obtained 
via Faltings deformation theory through Artin's approximation theory. Thus M has a level 
m stratification S G (m) which has all the properties described in Basic Corollary 4.3. 

4.6.1. Example. If Sh(S,X) is a Hilbert-Blumenthal moduli variety (i.e., if the adjoint 
group Sj| d is isomorphic to PGU{1, 1)* for some t G N) and if Gi is a reductive group scheme 
over Spec(W(k)), then Gf d is isomorphic to PGL| and every cocharacter [i : G m — > Gi 
as in the axiom 4.1 (ii) has a non-trivial image in each simple factor of Gf d . Thus for all 
m > 1 the stratification S G (m) satisfies the purity property, cf. Example 4.4. 
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